
In combinatorial auctions, solving the bid generation problem (BGP) for
bidders is critical to achieving efficiency. However, in the recent surge of
combinatorial auction research, little attention has been paid to the BGP.
In this paper, the BGP faced by transportation service providers is
studied. First, the bidder’s optimality criterion of a combinatorial bid is
clarified, and then the focus is on the bundling method when an OR bid
language is used. Through examples, bundles generated by solving the
optimal truck routing problem were examined, and it was found that the
resulting bid might not be optimal. This heuristic is compared with a sim-
ple nearest insertion method. The simulation result shows that whereas
the former outperforms the latter in most cases, many times the latter
outperforms the former by 5% to 8%.

Thanks to its ability to allow bidders to express their value on bun-
dles in bidding, the combinatorial auction has drawn tremendous
attention from the research community recently. In the case of super-
additive preference (i.e., the value of all goods in a bundle is worth
more than the sum of the values of individual goods), a bidder faces
possible exposure (1) if she is only allowed to bid on the goods indi-
vidually. She may end up paying more for a subset of the goods in
individual auctions than they are worth to her. In a combinatorial
auction, she can bid on bundles and thus the preference can be
reflected in the bid. It can be shown that this leads to efficiency as
the exposure problem is avoided.

So far, however, the research efforts documented in the literature
have focused mostly on issues on the seller’s or the auction designer’s
side. Examples include auction mechanism design; the winner deter-
mination problem, which has been shown as a multidimensional
knapsack problem; and the bid pricing problem (1–3). The issues are
who to sell the goods to in order to maximize revenue and social wel-
fare, and for how much. (Note: In the case of reverse auctions, where
there is one buyer and multiple sellers, the issue is for the buyer to
determine who to buy from and for how much. The rest of this paper
focuses on regular auctions. However, the result can be easily
extended to reverse auctions.) In other words, what is the most effi-
cient allocation and how can it be achieved through pricing. The goal
is that an auction should be designed so that when bidders optimize
their bidding strategy, their most preferable one should reveal their
true valuation of the desired bundle. In these papers, it is often

assumed that buyers know (a) what their desirable bundles are and 
(b) how much they are willing to pay for these bundles and it is up to
the seller, or the auction designer, to induce truthful revelation of that
bundle and its valuation information from buyers. For example,
Nisan (4) and Boutilier and Hoos (5) proposed languages for bidders
to express their preference, where it is assumed that the valuation is
clear and known to bidders—the issue is to design a language so the
preference can be efficiently presented. Yet, in reality, these assump-
tions are usually too simplistic when the scenarios for bidders are not
so clear-cut; bidders face too many possible combinations and have
no efficient method to evaluate them. This problem is termed the bid
generation problem (BGP).

The BGP so far has attracted little attention from the auction
research community. Nevertheless, it has to be addressed before a
combinatorial auction can be claimed to achieve efficiency. If bid-
ders do not know which bundles are most desired, let alone how
much to bid for them, the presumptions of combinatorial auctions
will not hold and the resulting allocation cannot be efficient. In a
combinatorial auction, bidders potentially have many different ways
to bundle the items in auction. The synergies between bundles usu-
ally depend on winning (or losing) other bundles. Therefore, the BGP
in a combinatorial auction is a significant and yet very complicated
problem. Unfortunately, in practice, the potential auction bidders,
being industrial firms, are typically less auction savvy than the auc-
tioneer or the auction designer—their main expertise lies in the indi-
vidual industry and its operational optimization and not in auctions.
They know that uneducated bundle bidding potentially may do more
harm than not bidding or bidding on single items only, which makes
them reluctant to participate in a combinatorial auction.

Bidding on transportation services offers a typical example of the
BGP. Carriers bidding in bundles need to take into account synergies
of trucking routes and capacity. The carrier’s BGP possesses several
characteristics typical in a general combinatorial auction. First, the
complementarities among different routes may be extremely high and
can differ over different bundles. Second, the complementarities are
heterogeneous among different shippers, so no desired bundles can
be foreseen and preselected by the auctioneer. Third, the goods being
auctioned, capacity in trucks, are highly perishable. This leads to
enormously high stakes and thus huge potential savings.

Whereas the early combinatorial auction applications were imple-
mented in a variety of areas, such as airport time slot auction (6 ),
wireless spectrum rights auction (7 ), business-to-business procure-
ment (8), and public service contract bidding (9), the area of trans-
portation services procurement and provision has recently received
significant attention from the research community. Caplice (10)
appears to be the first to explore application of combinatorial auc-
tions to transportation service procurement. Kelly and Steinberg (11)
provided more insights into the combinatorial BGP. Ledyard et al.
(12) introduced a combinatorial auction design and implementation
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in Sears logistics transportation procurement. Significant savings
were reported from using combinatorial bid design. Song and Regan
(13, 14) also studied the bidder’s problem. They specifically dis-
cussed combinatorial bid construction and application to transporta-
tion service procurement. Song and Regan (13), through simulation,
reported savings from both shippers and carriers for application of
combinatorial bids. Although their research is from the bidder’s per-
spective, they do not discuss the difference between an optimal vehi-
cle routing and scheduling and an optimal bid. This issue is very
important as it determines how much potential bidders will benefit
from the bids they submit. Figliozzi et al. (15) examined different
strategies in the dynamic operational context.

In this paper, the BGP for the bidders (carriers) is examined. The
contributions are twofold.

This paper clarifies the optimality criterion of the BGP. This crite-
rion is fundamental to understanding the BGP. Bundling strategies are
examined for the BGP under a value pricing scheme. It is found that
using the optimal fleet assignment solution may not be the optimal
bundling strategy. In addition, a sufficiency condition is identified for
the optimal OR bid.

This paper shows that, numerically, a simple nearest insertion
heuristic underperforms the integer programming-based optimal fleet
assignment model in most instances, but it may outperform the latter
by up to 8% in some instances and by 5% in many other instances. By
contrast, in a routing and scheduling problem, the former always
underperforms the latter.

In this paper, the literature on bidding languages is reviewed in
the next section; then the bidder’s generation problem and the opti-
mal criterion for an optimal bid are defined in the third section. The
fourth section compares empirically the two heuristics for solving
the BGP, and the fifth section concludes.

BIDDING PREFERENCES AND LANGUAGES

In combinatorial auctions, due to the vast possibilities of preferences
a bidder might have, the bidding language has to be carefully set for
bidders to express their preferences. In this section, two papers are
reviewed on bidding preferences and languages that allow expression
of such preferences.

Nisan (4) is often cited as the first to discuss bidding languages. He
first defines an atomic bid as a pair, (S, p), where S is a set of the items
and p is the price the bidder is willing to pay. Based on atomic bids, a
bundle can be created. This is denoted as the bundle-based approach.

Depending on the relationship of the atomic bids in a bid, Nisan
proposed four different languages: OR, XOR, OR-of-XOR, and
XOR-of-OR. (Note: He also proposed OR*, a variant of the OR bid,
to allow XOR relationships between bundles by including a fake
item in the involved bundles.)

• OR. OR refers to the language in which the bidder can submit
a set of atomic bids and any subset can be won. OR bids can express
all preferences but substitutable bids.

• XOR. Each bidder can submit as many atomic bids as desired
but can win at most only one bundle. This can represent all prefer-
ences but often requires exponential size to represent the bidder’s
preference. This would create a tedious problem for the bidder to
devise exclusive bundles that best capture the often nonexclusive
preferences between atomic bids.

• OR-of-XOR. Each bidder can submit a set of XOR bids as
described. These XOR bids have the OR relationship. This is par-
ticularly useful in expressing the downward sloping symmetric
valuation (4).
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• XOR-of-OR. This language is necessary only when the valua-
tion is monochromatic—for example, if only (OR of all blues) XOR
(OR of all reds), where each atomic bid is an item of either blue or
red. The bidder wants only items of the same color and values each
item of that color at 1.

Of the four types, the OR language is the most extensively used
bidding format in combinatorial auction research. According to
Nisan (4), OR bids can only express all preferences that do not have
any substitutibilities. In other words, if, in a regular auction, a bidder
(buyer) is willing to pay only a price that is less than the sum of two
prices offered to the bundles, A and B, when they are both won [i.e.,
pi(AB) < pi(A) + pi(B)], OR bids will not be able to capture the pref-
erence of the bidder. For a reverse auction, in which bidders are sell-
ers, which is the case in the transportation services bidding, this
means a bidder (seller) i is willing to sell both bundles only for a price
that is higher than the sum of two offers [i.e., pi(AB) > pi(A) + pi(B)].
Yet, such substitutability does not exist in this case, as the carrier can
optimize on vehicle assignment so as to do at least as well, in terms
of empty distance traveled, as the sum of two bundles when both are
won. Note that this study is restricted to the case in which the capac-
ity is assumed to be sufficient. Therefore, OR bids can represent all
carriers’ preferences. Typically, when the carrier is not capable of
serving some lanes because of the capacity limit, these lanes can be
outsourced to a number of affiliated self-operators.

Boutilier and Hoos (5) proposed a bidding language based on log-
ical combination of goods instead of atomic bundles. A logical bid
consists of a logical formula of goods and an associated price.
Although this is convenient in expressing some particular preferences,
it is not as straightforward in expressing others, as in the bundle-based
approach by Nisan. Indeed, most of the combinatorial auction papers
use the bundle-based approach. Nisan’s bundle-based approach, and
OR bids in particular, is adopted in this paper.

OPTIMAL COMBINATORIAL BIDS

Before the issue of generating optimal bids is discussed, it is first
necessary to define the problem.

Problem Statement

A carrier has a fleet of homogeneous trucks with a depot located
within a geographic region. The set of trucks is denoted as K. The car-
rier also has, for its current customers, a committed set of truckload
shipments, which are called engaged lanes and are denoted as Sg.
There is a call for bids on a set of truckload movements (Q), and each
truckload movement is referred to hereafter as a lane. Each lane l ∈
(Sg ∪ Q) has an origin, a destination, and a pickup time window. The
carrier is to generate a set of combinations of freight lanes to cover the
lanes in Q and maximize its profit from the auction. Note that the bid
price is intentionally left out, which is explained later in the discus-
sion about optimal combinatorial bid. Each combination could con-
tain one or more lanes in auction and the carrier may not win all the
combinations. The objective is to minimize the total expected empty
travel distance and therefore maximize the total profit.

This problem is typical in an emerging business-to-business mar-
ket that is generally operated online on a real-time basis. Similar prob-
lems may also appear in an off-line auction scenario. Without loss of
generality, it is assumed that the service network is fully connected so
that no need exists later to check connectivity between nodes.



Ω is defined as a bid if the following relationship holds:

• S1, S2 ∈ Ω ⇒ S1 ∩ S2 = ∅
• Si ∈ Ω ⇒ Si ∈ Q
• ∪Si ∈Ω Si = Q

Si ∈ Ω is defined as a combination. For example, Ω can be in the
form [(1, 2), (3), (4, 5, 6)], where each element such as (1, 2) is a com-
bination. In other words, a bid is a set of combinations submitted by
a carrier. Note that this definition refers to the bidder’s entire set of
bundles instead of only one bundle. The combinations are of the OR
type—any subset of a bid can be won in the auction outcome.

Ψ is defined as a derived bid on Ω denoted by Ψ(Ω) if, in addi-
tion to the three preceding properties, the following conditions
also hold:

• Any ϕ ∈ Ψ can be expressed as the union of some elements in
Ω. That is, ϕ ∈ Ψ ⇒ ϕ ∈ ∪Si ∈Ω Si

• ϕ1, ϕ2 ∈ Ψ ⇒ ϕ1 ∩ ϕ2 = ∅
• ∪Si ∈Ω Si = Q

In short, a derived bid is a set of combinations made up of the orig-
inal combinations. Derived bid is used in Corollary 1. π(Ω) is defined
as an outcome set on Ω to include all the possible auction outcomes
of a bid Ω. In other words, every outcome h̄ ∈ π(Ω) can be expressed
as h̄ = Si ∪ Sk ∪ . . . ∪ Sn, where Si, Sk, . . . , Sn ∈ Ω. h̄ is the set of all
combinations in an outcome won by the carrier and is a subset of Ω.

Following the preceding example, a derived bid can follow the
form [(1, 2, 3), (4, 5, 6)], where two combinations are combined
to form one bigger combination. Next the synergies in a carrier’s
operational network are examined.

First-Order and Second-Order Synergy

Definition 1. First-order synergy with respect to a set of engaged
lanes Sg is defined as follows:

where emp(Sb) is the shortest empty travel distance for the given fleet
to serve the lanes in Si. First-order synergy measures the comple-
mentarity between a set of lanes and the engaged lanes. Following is
an example of first-order synergy.

Example 1. In Figure 1, even though the two lanes in auction are
far apart, they have a synergistic effect when considered on a large
operational scale.

Definition 2. Second-order synergy between Sb1 and Sb2 with
respect to a set of engaged lanes Sg is defined as follows:
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Second-order synergy represents the complementarity between a
pair of sets of lanes and the engaged lanes. One can immediately
observe that such a synergy might be negative.

Observation 1. Second-order synergy �(2) (Sb1, Sb2)�Sg could be
negative. For the second-order synergy to be positive, the following
would be required by definition:

which means

It can easily be shown that the preceding inequality does not
always hold by the following example.

Example 2. This example shows a negative second-order syn-
ergy (Figure 2). In this case, let Sb1 = (1, 2), Sb2 = (3, 4), Sg = (5). By
winning both combinations, the synergy is less than the sum of the
two first-order synergies. Let each lane have a length of one. The
first-order synergy between Sb1 and Sg is �(1) (Sb1)�Sg = 2. Similarly,
�(1) (Sb2)�Sg = 2. The second-order synergy between Sb1 and Sb2 with
respect to Sg is then −2.

In some circumstances, the second-order synergy can be zero, as
shown in the following example.

Example 3. In Figure 3, the dashed lines represent lanes in auc-
tion, and the solid lines represent engaged lanes. Winning or losing
either of the combinations circled does not affect the synergy of the
other combination.

Still, in some other cases, the second-order synergy is significant.
Interested readers can easily construct an example.

The preceding examples demonstrate that the synergy of a com-
bination could depend on what other combinations will be won,
which underlies the complexity of combinatorial auctions. In the
following subsection, the concept of optimal combinatorial bid from
the carrier is presented.

Optimal Combinatorial Bid

Definition 3. An optimal combinatorial bid for a bidder is defined as
follows.

where ω is the set of all combinatorial bids and r(h̄) is the revenue
from an outcome h̄.
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When only an OR bid is allowed, r(h̄) is the sum of prices for all
combinations in h̄. p–(h̄) is the probability of having this outcome.

This expression is general and applies to both XOR and OR bids.
To evaluate a bid, one needs to know the probability, revenue, and
cost associated with each outcome. In a combinatorial setting, the
cost can be accurately evaluated only when an outcome is realized.
This is done by applying an optimal fleet allocation algorithm to
solve the problem of assigning trucks to unserved lanes to minimize
the total empty travel distance. However, ex ante, without knowing
the exact outcome, it is difficult to bundle the items to generate a
combinatorial bid to achieve the minimal empty distance traveled
ex post.

In a brute force method, assuming the winning probability of each
outcome is known, the optimal bid can be identified by enumerating
all the bids. This method can be effectively applied to problems with
a small number of lanes. However, as the problem size grows, the
total number of combinations explodes. As a result, algorithms are
a necessity for bid generation.

In this paper, it is assumed there is a competitive market in which
the carriers bid for transportation service procurement. There are
two pricing schemes for bidders to price their bid: value pricing and
cost pricing. The value pricing scheme refers to the practice in
which prices are set based on the market value of each lane, whereas
cost pricing is the practice that a profit margin is ensured. Typically,
value pricing happens in a competitive market and cost pricing
occurs in a regulated market. In this paper, it is assumed that the for-
mer is used where the market price is determined by the balance
between supply and demand in the marketplace and is relatively sta-
ble over time. Thus, the price for a combination is just the sum of
market prices for each individual lane included and is independent
of the combinations made. A rational bidder would examine the mar-
ket balance between supply and demand and identify the marginal
value of the capacity in the market before setting the price. It is thus
reasonable to assume that, in equilibrium, there is a market value
of each truckload capacity per lane-mile. [Note: A similar pricing
scheme can be found in the literature of yield management, which
has been under intensive study in the past decade. Interested readers
may refer to surveys such as that of McGill and van Ryzin (16 ).]
Therefore, given the potentially high complementarity of the lanes to
be served, the foremost task for a carrier is to minimize its empty
travel distance—that is, lower the cost of shipping—when bidding
for lanes.

Furthermore, because of the competitiveness of the market and
the combinatorial nature of the auction, one cannot tell, ex ante,
which bid has a higher probability of winning than others. This case,
although simple, is typical of a deregulated market where competi-
tion can be assumed equally likely everywhere. The bidder is unable
to tell whether one outcome is more or less likely to occur than
others. In this case, it is assumed that the probability is the same for
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all outcomes. When only OR bids are allowed, each lane in a bid,
regardless of the bundling methods used, has the same winning
probability and each lane among different bids must have the same
winning probability. This assumption may be restrictive upon first
look. However, it follows naturally if one considers that any strat-
egy a bidder (carrier) adopts could well be used by its competitors,
and the bidders in the market are equally competitive. The authors
believe this is a reasonable approximation of the transportation mar-
kets, where there are often multiple carriers that maintain an equally
intensive service network. This symmetric assumption also holds in
many other competitive markets. The result from this paper may
shed light on the study of more complicated cases. For maneuver-
ability, the preceding assumption is interpreted to mean that the
probability of winning a lane does not change with combination. In
addition, a bundling method is discussed only when all the lanes are
within the service capacity and to be included in the bid.

As a result, Equation 1 can be simplified into the following form
because the sum of the first term becomes a constant after the estimates
of the market values have been obtained.

Proposition 1. It is NP-hard in the strong sense to evaluate the
expected empty distance traveled associated with a bid.

Proof. Consider a simple case in which there is only one combi-
nation in the bid. It is NP-hard in the strong sense to estimate the
expected empty distance traveled because it is equivalent to making
the optimal vehicle assignment to serve all the lanes while the latter
is NP-hard in the strong sense. (End of proof.)

As stated earlier, only OR bids are examined in this paper. Based
on the preceding discussion, the following assumption becomes
obvious.

Assumption 1. The winning probability of each lane is indepen-
dent of what other lanes are in the same bundle.

This assumption appears natural in a competitive market in which
all the carriers adopt the same bundling strategy if it improves the
winning probability. This eventually leads to equilibrium again.
Therefore, probabilistically each lane is equally likely to be won.
Based on the simplification of optimality criterion, the following
result is highlighted.

Proposition 2. Given the optimal vehicle assignment solution to
serve the lanes in Q ∪ Sg, this optimal solution does not necessarily
lead to the optimal bid by grouping the lanes assigned to the same
vehicle.

This is shown by example. In Figure 4, suppose both Lanes 1 and
2 have two units’ length of loaded move. Lanes 3 and 4 both have
one unit length distance of loaded move. And Lanes 5 and 6 both
have 2.5 units’ length of loaded movement. The lengths of AE and
BD are both 1.5 units. And each vehicle is required to return to where
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it started out. On the basis of the optimal vehicle assignment to serve
all the lanes, the bid should be [(1, 3), (2, 4)] (assuming there is a very
small distance between the end of Lane 3 and the origin of Lane 4),
where each combination has the same winning probability p. The
expected empty distance is calculated as indicated in Table 1.

In examining an alternative bid [(1, 2), (3, 4)], a similar analysis
yields the outcomes indicated in Table 2. This example is illumi-
nating because it also shows that any combinatorial bid leads to less
expected empty travel distance than bidding the lanes individually
while maintaining the same expected number of lanes won. This is
shown in Table 3.

In what follows, some special cases are identified in which the
optimal bid is easy to verify. These special cases may shed light on
other particular cases and help gain some insight.

Proposition 3 (sufficiency condition). Given the optimal vehicle
assignment to serve the lanes in Q ∪ Sg to minimize the total empty
distance, suppose S1, S2, . . . Sk ∈ Q are the sets of lanes in auction
assigned to vehicle 1, 2, . . . , k, respectively, and S(1)

g , S(2)
g , . . . , S(k)

g ∈
Sg, the engaged lanes assigned to vehicles 1, 2, . . . , k, respectively.
A bid consisting of bundles S1, S2, . . . Sk ∈ Q is optimal when the
following conditions are satisfied.

Condition 1. If any set of lanes S′ = S ′1 ∪ S ′2 ∪ S ′3 . . . ∪ S ′k, where
S ′i ∈ Si, i ≤ k, is used to make the optimal assignment together with
the engaged lanes Sg, the optimal assignment still assigns S ′i ∪ S(i)

g to
vehicle i for all i ≤ k.

Condition 2. For any S(1)
i ∈ Si, S

(2)
i ∈ Si, where S(1)

i ∩ S(2)
i = ∅, i ≤

k, the following holds: emp(S(1)
i + Sg) + emp(S(2)

i + Sg) ≥ emp(S(1)
i +

S(2)
i + Sg) + emp(Sg).
Proof. On the basis of Assumption 1, the total expected number

of lanes won is independent of combinations. Therefore, it is neces-
sary to show only whether the total expected empty distance can be
reduced in an alternative combination. Note the following points.
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a. By breaking each set Si into more than one combination, the
total empty travel distance is not reduced. Suppose Si is broken into
two parts, S(1)

i and S(2)
i . According to Condition 1, S(1)

i and S(2)
i are

always assigned to vehicle i whenever they are won in the auction.
Therefore, the expected empty travel distance associated with the
lanes in set S(1)

i ∪ S(2)
i in the second case can be calculated as follows:

The right-hand side is exactly the expected empty travel distance
when a single combination is made to combine the two sets, S(1)

i and
S(2)

i . In the same way, splitting a set Si into multiple combinations
does not reduce the expected empty travel distance.

b. By generating combinations from more than one set of Si,
where some Si is split into more than one combination, the expected
empty travel distance is not reduced. Based on Condition 1, the
empty travel distance associated with the lanes in set Si does not
depend on winning or losing lanes in set Sj, where i ≠ j. Again, sup-
pose Si is broken into two parts, S(1)

i and S(2)
i . That is, Si = S(1)

i ∪ S(2)
i and

S(1)
i ≠ ∅, S(2)

i ≠ ∅, S(1)
i ∩ S(2)

i = ∅. Let S(1)
i be combined with another

set of moves in auction, S(m), where S(m) could be a set of lanes from
Sj, . . . , Sk. Be aware that Condition 1 eliminates synergy between the
lanes from different Sj s. Therefore, the proof in a is still valid in 
this case.
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TABLE 1 Expected Empty Distance When Bid Is [(1,3),(2,4)]

Expected Empty
Outcome Probability Assignment Distance

(1,3) won, (2,4) lost p(1 − p) A→B→C→A 2.5p(1 − p)
D→E→D

(1,3) lost, (2,4) won p(1 − p) A→B→A 2.5p(1 − p)
D→C→E→D

(1,3) lost, (2,4) lost (1 − p)(1 − p) A→B→D→E→A 3(1 − p)(1 − p)

(1,3) won, (2,4) won p2 A→B→C→A 0
D→C→E→D

Total (3+2p)(1 − p)

TABLE 2 Expected Empty Distance When Bid Is [(1,2),(3,4)]

Expected Empty
Outcome Probability Assignment Distance

(1,2) won, (3,4) lost p(1 − p) A→B→D→E C→A 1.5p(1 − p)

(1,2) lost, (3,4) won p(1 − p) A→B→C→D→E→A 1.5p(1 − p)

(1,2) lost, (3,4) lost (1 − p)(1 − p) A→B→D→E→A 3(1 − p)(1 − p)

(1,2) won, (3,4) won p2 A→B→C→A 0
D→C→E→D

Total 3(1 − p)



c. By aggregating Si and Sj into one combination, the expected
empty distance traveled is not reduced. Suppose Si and Sj are made
into one combination where i ≠ j; then one has the following:

The right-hand side is equal to the empty distance traveled in a bid
where Si and Sj are listed as two separate combinations. In this case,
the expected travel distance is calculated as follows. There are four
possible outcomes: Scenario 1, both Si and Sj are won; Scenario 2, Si

is won and Sj is lost; Scenario 3, Si is lost and Sj is won; Scenario 4,
neither Si nor Sj is won. In Scenario 1, the expected empty travel
distance is calculated as follows:

Similarly, it is not difficult to calculate the expected empty travel
distance for Scenarios 2, 3, and 4. Summing up the empty travel dis-
tances for the four scenarios, one ends up with the same expected
empty travel distance as in the case where Si and Sj are combined.
This completes the proof.

As an example, when Sg = ∅ and when the lanes can be grouped
into geographically isolated combinations that meet Conditions 1
and 2, it is optimal to take each group as a combination. Figure 2 is
an example satisfying the sufficiency condition. Based on the proof
in c, one has the following result.

Corollary (multiplicity of optimal bid). If ωo = {S1, S2, . . . , Sk} is
an optimal bid satisfying Conditions 1 and 2, any derived bid is an
optimal bid. In this case, if constructing a bid with large combina-
tions does not lower the probability of winning the bids, it does not
make a difference in making large combinations. However, this
result does not apply to the general case. As in Figure 4, aggregating
all lanes in auction does not lead to the minimum empty distance.
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The preceding result provides meaningful insight into the struc-
ture of an optimal OR bid. However, problems in practice are often
more complicated than that special case. Therefore, what method
should be used to generate a combinatorial bid in a general vehicle
routing and scheduling setting is also of interest. From the authors’
definition of the optimal bid, it would be very difficult, if not impos-
sible, to have an implementable optimal mathematical program.
Although it is known from previous results that optimal routing and
scheduling do not naturally lead to optimal combinatorial bid,
because there is a rich library of algorithms for optimal routing and
scheduling, it would be interesting to see how a heuristic of optimal
routing and scheduling compares with some simpler heuristic
method in generating combinatorial bids. The authors expect to gain
some insight into algorithm selection. In the following section, two
heuristic methods for generating combinatorial bids are compared.
Note that the purpose here is not to develop sophisticated optimal
routing and scheduling algorithms but to find out whether a bid from
optimal routing and scheduling is better than one from a simple
heuristic assignment in all cases.

HEURISTICS FOR GENERATING
COMBINATORIAL BID

It is assumed that the carriers have the freedom to generate combi-
nations of any size to achieve maximum synergy. The first heuristic
is based on a fleet assignment model and the second is based on just
the nearest insertion method.

Heuristic Methods

Heuristic Method 1

Start with a mathematical program as follows. This formulation
(referred to as BIP later for best integer program) is just a generic
formulation for the routing and scheduling problem.

where

d = depot;
K = set of vehicles (for notational convenience, it is used as

the set of vehicle locations in the formulation);
ci,j = travel distance from i to j;
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TABLE 3 Empty Travel Distance for Alternative Bid In Figure 4

Bid Number of Outcomes Expected Empty Distance

[(1),(2),(3),(4)] 16 (5 + p)(1 − p)

[(1,2,3,4)] 2 5(1 − p)

[(1),(2,3,4)] 4 (5 + 0.5p)(1 − p)

[(3),(1,2,4)] 5 (5 + 0.5p)(1 − p)



xi,j = a binary decision variable equal to 1 when there is an
assignment from node i to node j, 0 otherwise;

Ti = pickup time at node i;
ti,j = travel time from origin of node i to origin of node j; and

(ai, bi) = service time window.

As mentioned previously, it is assumed that the network is fully
connected so that there is a link between any node pair. Therefore,
in the preceding formulation, there is no need to check connectivity
between nodes. In fact, the cost of a link is just the cost of the short-
est path between the nodes. The practical meaning of using the
shortest path for truckers is obvious.

Of all the constraints in BIP, Equation 4 dictates that each vehi-
cle must leave its origin or a lane assigned to it for either the depot
or another lane. Constraint 5 prescribes that each lane be served in
the assignment. Constraint 6 is a temporal one and Constraint 7 is a
time window constraint. In this heuristic, Constraint 6 is linearized
with the Big M method as follows.

where M is a large enough constant. There are two steps in this
heuristic method: formulate the problem as a BIP, and solve it.

Those lanes assigned to the same vehicle are grouped together
to form a combination. The resulting bid is composed of all the
combinations.

Heuristic Method 2

This heuristic is a simple nearest insertion method consisting of two
parts. The basic idea is to insert a lane into an assignment for any
vehicle that minimizes the total empty travel distance and do this to
all lanes one by one until they are all assigned.

Step 1. Construction of heuristic assignment: Each vehicle has an
initial assignment, which is from its current location back to the
depot. For each vehicle, search through all the unserved lanes for the
one with the smallest extra empty travel distance that can be feasibly
inserted anywhere in the assignment chain of this vehicle. The lane
to insert should not make the lanes already assigned infeasible.
Among the vehicles, find the lane with the smallest extra empty
travel distance and insert the lane into the assignment where the extra
travel distance was calculated.

Step 2. Generation of combinatorial bids: Group the lanes assigned
to the same vehicle into one combination. The resulting bid consists
of all the combinations. Be aware that, in this heuristic method, the
network is also considered fully connected as in Heuristic 1.

Computer Simulation

A set of problems are generated to compare the performance of the two
heuristics. As stated, the purpose is to examine whether an integer
programming-based fleet assignment model shows advantage over
the simple nearest insertion method. Heuristic 1 is computationally
complicated, whereas Heuristic 2 is easy to implement.

Both engaged and in-auction lanes are generated within a service
area of 50 × 50 miles. The origin and destination of each lane is gen-
erated independently with a uniform distribution in the service area.
A pickup time window is generated with a starting point randomly

T t T M xi i j j i j+ − ≤ −( ), ,1
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determined between 8 a.m. and 4 p.m. and a length uniformly dis-
tributed from 0.5 to 2.5 hours. At the time of bid generation, each
vehicle has a specific location and all the vehicles are required to be
back at the depot after service. An average travel speed of 40 mph
is assumed for each vehicle. Euclidean distance is used here.

Although the problems are generated in a small area, a problem
with a larger scale may result if one changes 50 × 50 to 2,000 ×
2,000, takes the width of the time window in hours to be in days, and
makes the travel speed higher accordingly. For each problem, two
bids are generated with the two heuristics. Then, for each bid, the
outcomes are simulated based on a preset winning probability of
each combination. Then 100 outcomes are generated for each bid in
each problem. For each outcome, the BIP algorithm is applied with
the Q including only the winning combinations to make optimal
assignment, and the total empty travel distance is calculated for each
outcome. An average is taken over the optimal (empty) travel dis-
tances for all the outcomes of each bid and then the averages
between the two bids are compared. The BIP method was adopted
to evaluate the optimal (empty) travel distances instead of using each
heuristic method in each outcome, because only the quality of the
bids themselves is of interest. Furthermore, the overall average is
compared over all the instances of the problems.

The following is the result of the simulation. NN is for the simple
nearest insertion method. To reduce the bias from the problems gen-
erated, in each of the following tests, different problems are generated
when the winning probability is changed.

Test 1

Problems are generated with four vehicles, eight engaged lanes, and
10 auctioned lanes. The test result is presented in Table 4.

Test 2

In the second test, problems are generated with four vehicles and 18
auctioned lanes with no engaged lanes. The result is presented in
Table 5.

Test 3

Test 3 summarizes the test on problems with 10 vehicles, 20 lanes
in auction, and 10 engaged lanes. The result is presented in Table 6.

Test 4

In this test, problems are generated with 10 vehicles and 30 lanes in
auction. The result is presented in Table 7.

The following observations summarize the findings. There is no
guarantee that the optimal fleet assignment-based method outper-
forms the simple heuristic method in all problems. Although in most
cases in which the BIP method yields better bids, the NN method
generates bids in some other cases better by as high as 8%; in many
cases NN methods yield bids better by about 5%. Taking the aver-
age over all problems of each size, the BIP method outperforms the
NN methods in most problems. Winning probability and engaged
lanes have an unclear effect on the relative performance of the two
bidding methods.
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TABLE 4 Result of Test 1

p = 0.95 p = 0.8 p = 0.6 p = 0.4 p = 0.2

Problem Index BIP NN BIP NN BIP NN BIP NN BIP NN

1 335.861 330.45 192.68 209.77 268.4 279.16 157.66 153.78 190.38 174.46

2 193.732 209.14 263.39 262.05 173.81 179.96 178.46 181.09 173.87 156.41

3 183.391 185.79 229.23 251.69 231.46 247.66 203.64 199.72 194.98 182.49

4 239.287 245.31 234.55 236.59 219.72 242.39 159.84 168.32 138.72 143.72

5 190.726 200.25 191.02 185.41 223.63 223.54 226.54 215.53 161.24 148.95

6 277.691 286.53 276.72 265.73 195.55 195.42 179.33 190.13 139.54 168.65

7 292.267 290.46 231.42 223.95 249.48 243.24 222.06 229.73 219.32 231.08

8 259.615 254.28 258.42 272.8 205.29 207.03 225.32 227.45 229.63 241.06

9 264.804 264.8 205.11 209.74 194.1 188.31 177.83 195.24 142.38 188.05

10 223.367 245.07 224.79 214.97 208.39 204.18 164.13 183.63 179.56 182.13

Overall average 246.074 251.21 230.73 233.27 216.98 221.09 189.48 194.46 176.96 181.7

TABLE 6 Result of Test 3

p = 0.95 p = 0.8 p = 0.6 p = 0.4 p = 0.2

Problem Index BIP NN BIP NN BIP NN BIP NN BIP NN

1 292.78 289.96 299.3 310.7 255.89 266.53 278.11 280.24 181.54 194.01

2 282.17 267.23 279.33 280.05 270.41 284.84 228.34 235.61 189.88 181.57

3 323.02 301.87 263.92 290.95 244.88 232.2 240.11 243.2 202.69 230.05

4 255.86 276.6 286.37 292.74 253.71 276.54 255.98 273.81 177.24 187.91

5 316.25 277.07 326.48 330.16 219.04 204.64 170.48 188.21 181.72 172.61

6 316.3 315.36 248.66 258.75 189.33 204.81 224.46 247.15 202.19 255.52

7 263.59 261.28 280.31 282.99 238.95 231.37 203.95 237.99 237.96 232.81

8 350.8 355.1 234.73 250.66 209.2 198.56 177.94 190.26 168.96 175.93

9 313.41 312.09 234.24 248.46 210.73 197.33 195.56 254.92 216.76 221.15

10 337.21 339.51 274.47 271.8 251.57 244.84 199.31 219.68 204.08 229.42

Overall average 305.14 299.61 272.78 281.73 234.37 234.16 217.42 237.11 196.3 208.1

TABLE 5 Result of Test 2

p = 0.95 p = 0.8 p = 0.6 p = 0.4 p = 0.2

Problem Index BIP NN BIP NN BIP NN BIP NN BIP NN

1 230.5 215 195.91 191.67 79.68 98.03 61.01 69.89 29.59 52.14

2 275.18 278.6 228.84 209.18 117.59 132.92 60.16 81.17 41.17 28.76

3 209.90 201.27 98.264 129.58 113.93 111.05 78.95 68.73 37.29 68.41

4 306.44 282.56 125.78 147.69 103.73 124.32 71.77 52.98 33.72 59.07

5 268.42 273.81 206.63 213.05 88.041 93.125 85.63 83.53 16.58 93.70

6 203.83 206.38 103.98 142.02 115.19 88.833 66.33 78.95 42.17 43.91

7 249.53 223.66 158.62 188.84 96.04 121.1 68.10 86.23 48.95 15.71

8 226.16 225.16 140.58 128.92 103.12 105.19 68.30 72.68 27.04 32

9 247.65 255.32 124.1 126.26 113.44 123.93 60.92 80.49 22 57.11

10 263.77 244.52 113.33 189.5 90.79 128.66 72.03 64.48 53.67 42.97

Overall average 248.14 240.63 149.6 166.67 102.15 112.71 69.32 73.92 35.22 49.38



CONCLUDING REMARKS

Although its application covers a variety of areas including transpor-
tation, combinatorial auction with heterogeneous items has received
little attention in research. This problem was studied in the context
of a carrier’s BGP. This need arises from the increasing popularity
of auctions in transportation service procurement. Made possible by
the Internet, the transportation service market will become more and
more transparent and more transportation services will be procured
in the form of auctions—mostly online auctions. Therefore, the car-
rier’s BGP became a vital problem in this setting. This paper exam-
ines the bidder’s strategy of solving a BGP in such a combinatorial
auction setting.

First, the synergy from the combination of lanes was examined,
and then criteria and practical procedures were established for car-
riers to generate a set of combinatorial bids and highlight the com-
plexities involved in this process. Although pricing is an integral
part of bid generation, it is shown that bundle pricing is separable
from bundle generation in this application. Only the bundle gener-
ation problem is discussed. It is not surprising to find that a carrier’s
BGP is more complicated than a shipper’s candidate combination
generation problem and the winner determination problem. Despite
the complexity involved in this problem, a sufficiency condition
was identified for an optimal OR bid. It was found that, when an
OR bid is optimal, its derived OR bid is also optimal under that
condition.

Clarification of the optimality criterion is of paramount impor-
tance theoretically. Although it is beyond the authors’ grasp to find
an optimal method for bid generation, an effort was made to compare
a heuristic method based on fleet assignment with a simple nearest
insertion method. The numerical experiment shows that, on average,
the optimal fleet assignment model generates slightly better bids, but
there are quite a few problems where the simple nearest insertion
method yields a better result. In some cases, the combinatorial bid
from the simple nearest insertion method outperforms that from the
BIP method by close to 8% in terms of the total expected empty dis-
tance traveled. The relative performance of the two heuristic meth-
ods appears unclear when the percentage of lanes in auction and the
winning probability change. Whereas most users prefer to use the
BIP method as indicated by some research, such as that of Song and
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Regan (14), the results here show that there is no solid evidence to
support the use of the integer programming-based fleet assignment
models in this case. Therefore, when carriers determine algorithms
to develop, they should be advised that the optimal fleet assignment
model does not necessarily lead to the best solution. Considering
the effect of the stochastic factors in demand, time, and so forth, the
authors cautiously suggest just the nearest insertion method for the
BGP if implementation of the optimal fleet assignment algorithm
implies large cost or technical difficulty.

As noted earlier, bundle pricing is an integral part of a combina-
torial bid. Bundle pricing is left as a separate issue for future research.
In addition, in practice the auctioneer sometimes generates candi-
date combinations first. However, if the combinations are generated
directly by the carriers, the synergy will be better accounted for and
thus the auction result is more efficient for both parties. Nevertheless,
in the future, hopefully the carrier’s BGP will be studied in that par-
ticular setting in the presence of candidate combinations from the
shipper.
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