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Abstract

We refer to Krupka’s variational sequence, i.e. the quotient of the de Rham sequence
on a finite order jet space with respect to a ‘variationally trivial’ subsequence. Among
the morphisms of the variational sequence there are the Fuler—Lagrange operator and
the Helmholtz operator.

In this note we show that the Lie derivative operator passes to the quotient in the
variational sequence. Then we define the variational Lie derivative as an operator on the
sheaves of the variational sequence. Explicit representations of this operator give us some
abstract versions of Noether’s theorems, which can be interpreted in terms of conserved
currents for Lagrangians and Euler—Lagrange morphisms.
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1 Introduction

The geometrical formulations of the Calculus of Variations on fibered manifolds include
a large class of theories for which the Euler-Lagrange operator is a morphism of an
exact sequence [I, 1T} 17, 20, 21, 22]. This viewpoint allows one to overcome several
problems of the Lagrangian formulations in Mechanics and Field Theories [19].

We consider the recent formulation by Krupka [LI]. This has two main features.
First, it is stated on finite order jets of the fibering, rather than on infinite order jets
like most of the others. Moreover, it is conceptually very simple, because the exact
sequence, or variational sequence, is defined as a quotient of the de Rham sequence on
a finite order jet space with respect to an intrinsically defined subsequence, the choice
of which is inspired by the Calculus of Variations.

! Partially supported by GNFM of CNR, MURST and University of Turin.
2 Partially supported by GNFM of CNR, MURST, University of Florence and University of Lecce.



2 Symmetries in finite order variational sequences

We show that the Lie derivative operator with respect to fiber—preserving vector
fields passes to the quotient, yielding a new operator on the sheaves of the variational
sequence, namely the variational Lie derivative. This idea has already been exploited
by Vinogradov although in a different formalism [21], 22].

We make use of the representation given in [24] of the quotient sheaves of the
variational sequence as concrete sheaves of forms. In this way, we provide explicit
formulae for the quotient Lie derivative operators, as well as some abstract versions
of Noether’s theorems. Finally, we interpret Noether’s theorems in terms of conserved
currents for Lagrangians and Euler-Lagrange morphisms. In particular we recast, in a
coherent and comprehensive scheme, some results previously found by various authors
in different frameworks [11, 9, [10} 12}, 13} [15] 18] 19].

We stress that the algebraic methods used here allow a synthetic and clear under-
standing of concepts whose full meaning could hardly be reached by means of coordinate
expressions alone.

Throughout the paper the structure forms on jet spaces [14] as well as the horizontal
and the vertical differential [16] will be used as fundamental tools.

Manifolds and maps between manifolds are C*°. All morphisms of fibered manifolds
(and hence bundles) will be morphisms over the identity of the base manifold, unless
otherwise specified. As for sheaves, we will use the definitions and the main results
given in [26]. In particular, we will be concerned only with sheaves of IR-vector spaces.
Thus, by ‘sheaf morphism’ we will shortly mean a morphism of sheaves of IR—vector
spaces. Section 2 reviews earlier results, while Sections [3] and [l contain the new results.
An example is provided in Section [Bl

Acknowledgments. Thanks are due to L. Fatibene, M. Ferraris, I. Kolar, D.
Krupka and M. Modugno for useful comments. This work has been performed in
the framework of Nat. Res. Proj. MURST 40% “Met. Geom. e Prob. in Fisica
Matematica” and under the auspices of CNR-GNFM.

2 Jet spaces and variational sequences

In this section we recall some basic facts about jet spaces [3, 14, [16] and Krupka’s
formulation of the finite order variational sequence [111, 24].

2.1 Jet spaces

Here we introduce jet spaces of a fibered manifold and the sheaves of forms on the
r—th order jet space. Moreover, we recall the notion of the horizontal and the vertical
differential [16].

Our framework is a fibered manifold 7 : Y — X, with dim X = n and dimY =
n—+m.

For » > 0 we are concerned with the r—jet space J,Y; in particular, we set JoY =Y.
We recall the natural fiberings 7. : J.Y — JY,r > s, 7" : J.Y — X, and, among
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these, the affine fiberings m,_,. We denote by V'Y the vector subbundle of the tangent
bundle TY of vectors on Y which are vertical with respect to the fibering .

Charts on Y adapted to 7 are denoted by (2*,y"). Greek indices A, 1, ... run from
1 to n and they label base coordinates, while Latin indices ¢, j,... run from 1 to m and
label fibre coordinates, unless otherwise specified. We denote by (9, 9;) and (d*, d*) the
local bases of vector fields and 1-forms on Y induced by an adapted chart, respectively.

We denote multi-indices of dimension n by boldface Greek letters such as ¢ =
(a1,...,a,) with 0 < oy, p = 1,...,n; by an abuse of notation, we denote by A the
multi-index such that o, = 0if p # X\, a, = 1if p = A\. We also set |a| ==+ - -+,
and a!:'=aq!. ..,

The charts induced on J,Y are denoted by (z,¢%,), with 0 < |a| < r; in partic-
ular, we set y§ = y*. The local vector fields and forms of J,Y induced by the above
coordinates are denoted by (9%) and (d.,), respectively.

In the theory of variational sequences a fundamental role is played by the contact
maps on jet spaces (see [3, 1, 12, [14]). Namely, for » > 1, we consider the natural
complementary fibered morphisms over J.Y — J,_1Y

H:JY xTX -TJ._1Y , v: .Y x TJ._ .Y —-VJ._Y,
X Jr1Y

with coordinate expressions, for 0 < |a| < r — 1, given by
I =d@I =A@ (0 + ), ,0%),0 =0,00% = (d, -y, ,\d") @0 .
We have

(1) LY x T*JT_IY:(JTY x T*X)@imq?j,
J’r'fly J’r'le

where 97 : J,Y x V*J..,Y = JY x T*J._1Y.
Jr—ly JT_1Y

If f:J,Y — IR is a function, then we set Dyf :=()rf, Dasrf := DxDaf, where
D, is the standard formal derivative. Given a vector field Z : J, Y — TJ.Y, the
splitting () yields Zon!t! = Zy + Zy where, if Z = 270, + Z.0%, then we have
Zy = 2Dy and Zy = (Z}, — Yt Z7) 05

The splitting (1) induces also a decomposition of the exterior differential on Y,
(771 *od = dg + dy, where dg and dy are defined to be the horizontal and the vertical
differential. The action of dy and dy on functions and 1-forms on J.Y uniquely
characterizes dy and dy (see, e.g., [24] for more details).

A projectable vector field on Y is defined to be a pair (Z,Z), where Z: Y — TY
and = : X — T X are vector fields and = is a fibered morphism over =. The coordinate
expression of a projectable vector field is then = = 220y + =0;, = = 29\, where =*
will depend only on coordinates on X. If there is no danger of confusion, we will denote
a projectable vector field (Z,Z) simply by Z.

A projectable vector field (Z,Z) can be conveniently prolonged to a projectable
vector field (j,Z,Z), whose coordinate expression turns out to be

= = —u i a
S =200+ ( Z 5171 “Mywu) 0"

Bty=a
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where 3 # 0 and 0 < |a| < r (see [10, 14}, [16]); in particular, we have the expressions
(j:2)g = E* Dy, (,2)v = Da(Ey) 02 with (Zy)! = Z — yi=*. From now on, by an
abuse of notation, we will drop the parentheses in (j,Z)g and (j,Z)y and write simply
JrEn and j,Ey.

2.2 Variational sequences

We will be now concerned with some distinguished sheaves of forms on jet spaces [3], 11
12) 16, 24]. Notice that we will consider sheaves on J, Y with respect to the topology
generated by open sets of the kind ()" (U), with U C Y open in Y. This is due to
the topological triviality of the fibre of J.Y — Y.

p
i. For r > 0 we consider the standard sheaves A, of p—forms on J,Y .

p p
ii. For 0 < s < r we consider the sheaves H(.,) and H, of horizontal forms,
i.e. of local fibered morphisms over 7, and 7" of the type a : J, Y — XT*JSY and
g:J.Y — XT*X, respectively.

P p
iii. For 0 < s < r we consider the subsheaf C(,.,) C H ., of contact forms, i.e. of

p p

sections o € H5) with values into A(im?%, ;). We have the distinguished subsheaf
PP P p

C, C C(r41,) of local fibered morphisms a € C, 41, such that a = AU} oq, where & is

a section of the fibration J,.1Y X XV*JTY — J,4+1Y which projects down onto J,.Y .
JY

p
According to [24], the fibered splitting ([l yields the sheaf splitting H¢+1,) = @),
p—t t p p—t 14 P
C (41, ANHy11, which restricts to the inclusion A, C @, C, A H!,,, where HI

p P
= h(A,) for 0 < p <n and h is defined to be the restriction to A, of the projection of
the above splitting onto the non—trivial summand with the highest value of . We also
define the map v:=id —h.

We recall now the theory of variational sequences on finite order jet spaces, as it
was developed by Krupka in [I1].

By an abuse of notation, let us denote by d ker h the sheaf generated by the presheaf
dker h (see [26]). We set ©, := ker h + dker h.

In [T1] it is proved that the following diagram is commutative and that its rows and
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columns are exact:

0 0 0 0 0 0
1 2 I
0 0 0 0, 2.9 1 L S 0
0 1 2 I I+1
0 R A~ A, L) Ly W A

0 0 0 0 0 0

Definition 2.1 The top row of the above diagram is said to be the contact sequence,
and the bottom row is said to be the r—th order variational sequence associated with
the fibered manifold ¥ — X. O

Notice that, in general, the highest integer I depends on the dimension of the fibers of
J.Y - X.
Remark 2.2 If 0 < p < n, then dkerh C kerh, and a € kerh if and only if

p
(jro)*a = 0 for every section o : X — Y'; this partly shows the relation of ©, to the
Calculus of Variations [3, 6l 10, 19].

2.3 Representation of the variational sequence

[somorphisms of the quotient sheaves with suitable sheaves of forms can be given by
means of decomposition formulae.
The sheaf morphism h yields the isomorphisms [23] 24]:

p P p
(2) I, i A0, — H i a] = h(a), 0<p<n.
1 n
Let 8 € C,AH!",,. Then there is a unique pair of sheaf morphisms [3} 6 9, 10, 21}, 22]

1 n 1 n
(3) Eo € Ciarpy NHb 1 Fy, € Corpy NHE 1,

such that (Wff{l)*a = E, — F, and F, is locally of the form F, = dyp, with p, €

1 n—1
Cor—1r-1) N H 2.
The above formula yields the isomorphism

n+l n+1 n+1
(4) Liyi: Ay/O, = V.ol = By -
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n+1
See [24] for the expression of V ..
n+1 . 1 1
Let n € V. It has been proved [24] that there exists Ha, € Cart1,204+1) @ Cart1,0) A

H 441 such that, for all vertical vector fields ¥ : Y — VY, we have E&?; = F[dn(jZTHE),

where % ‘= Jor112 Jdn. Hence there is a unique pair of sheaf morphisms

1 1 n 2 n
(5) Hay € Clargr 2040 A Clar1,0) A Hart1, Gay € Cargr,2r41) A Hargr

such that (mt1)*(dn) = Hay — Ga, and Hg, = %A(ﬁdn), where A is the skew—
symmetrisation map. Moreover, Gg, is locally of the type G4, = drqa,, where qq4, €

2 n—1 ~
Car N H 4r. We recall that Hy, = 0 if and only if Hg, = 0. Remark that, in general,

the sections p, and gg4, are not uniquely characterized (see, e.g. [3, 9, 24]).
n+1 n-+2 n+2
Moreover, we have the isomorphism 1,19 : E,01(V ) — V., where V , is the
n+1

n+1 n+2
image of the injective morphism &,.1( A ./ ©,) = V., :[da] — Hap, -
By means of the above isomorphisms I,,, 0 < p < n + 2, we obtain a representation
of the ‘short’ variational sequence [24], namely

0 1 n+1
&o &1 En En Ent1
0 R V. V. e V.,

V RIS

Notice that the morphisms &, can be read through the above isomorphisms. In partic-
ular, &,(h(a)) = h(da) f 0 <p<n-—1.

We can interpret the above sequence in terms of the Calculus of Variations (see
[3, 16, O] [16], 24]).

A section A € V, is just a Lagrangian of order (r + 1) of the standard literature;

n+1
E.(N) € V , is the standard higher order Euler-Lagrange morphism associated with A.
Due to the exactness of the above sequence, if A is variationally trivial (i.e. , £,(A) =0

n—1
holds), then (locally) A = dye, with e € V.

n+1 1 n n+1
Let « € A, ie h(a) € C, ANH! . We call Ey,) € V. an Euler-Lagrange type
morphism; it is defined on Jo, 1Y . We say py(q) is a momentum associated with Ej, ().
n+1
Let n € V,. We call £,11(n) = Hay, the Helmholtz morphism associated with 7; it
is defined on JMHY Again, the exactness of the sequence implies that, if 7 is locally

variational (i.e. , £,11(n) = Hyy = 0 = Hy, holds), then (locally) n = &,(\) with A € V

the inclusions

(6) KV ),

S

for s <. O
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3 Variational Lie derivative

In this section we give a representation of the Lie derivative operator in the variational

sequence. We consider a projectable vector field (£,Z) on Y and take into account
the Lie derivative with respect to the prolongation j,Z of =. In fact, such a prolonged
vector field preserves the fiberings 7%, 7"; hence it preserves the splitting (). So, we
shall prove that the operator L; = passes to the quotient, yielding an operator on the
quotient sheaves of the sequence. Moreover, we give the expression of this operator on
the representations of the finite order variational sequence.

Representation of Lie derivative

Let Lj,= be the Lie derivative operator with respect to the r-th prolongation j,= of a
projectable vector field (Z,Z) on Y.
As a consequence of earlier results due to Krupka [10], we show that the operator

_ PP
L = defines an operator L; = on the quotient spaces A,/©,. First we prove a lemma.

Lemma 3.1 We have
— P p PP _
Li=:A./0, — A, /O, :[a] = L; =(la]) = [L;za] .

ProOOF. We have to prove that Ljrg((f),,) C (ﬁ)r. We recall that ©, = ker h + dker h
and that a € dker h if and only if, locally, a = df, where g € ker h. Moreover, it is
evident that L; =(dker h) = d(L; =z ker h). So, we have only to prove that L; =(ker h) C
ker h. To see this, let us consider the inclusion

9 p—t t
kerh CEP €, AHE,,
t=0

whereg=p—1if0<p<n,andgq=p—n—1ifp>n.
1 1
The above inclusion, together with the standard result [10, 16] L; =(C,) C C,, shows

p p—n n
that L; =(ker ) has no components in H" ; if 0 <p<n,orin C ,AH" ifp>n.

QED

This allows us to prove

P p
Proposition 3.2 Let [o] € A,./O,. The isomorphisms I, enable us to represent the
— P
map L; = onV, as follows:

(M) Liz: Ve = Ve fyllal) = Ziz((a]) i= (T zlal) = b[Lzal).
If we set h(L; =za) = &, then we have

([a)) = h(a) =& if 0<p<mn,

([a]) = Ehy = Ea if p=n+1,
I,([da]) = Hug,,, = Hap, if p=n+2.

Iy
Iy
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[m

Definition 3.3 Let (Z,=) be a projectable vector field. We say that the map £~jr
defined in the above theorem is the variational Lie derivative.

O

Noether’s theorems

Variational Lie derivatives allow us to calculate infinitesimal symmetries of forms in
the variational sequence. In particular, we are interested in symmetries of Lagrangians
and Euler-Lagrange morphisms (up to horizontal forms or divergencies). However,
the representation in the above theorem is not very useful in concrete cases; here,
we provide formulae for calculating symmetries of such morphisms which generalize
Noether’s theorems.

The inclusions k; give rise to new representations of erg on lp)s. We will distinguish
between the following cases:

L.0<p<n-—1.

ii. p = n, which is of great importance for the Calculus of Variations. In fact, the
representation yields the classical Noether’s theorem.

iii. p =mn+ 1, where the representation yields a formula for the symmetries of an
Euler—Lagrange type morphism.

Let again Lj,= be the Lie derivative operator with respect to the r-th prolongation
Jr= of a projectable vector field (=,=) on Y. We start with a technical lemma.

Lemma 3.4 Letr <s. We have

s, _r s __ T s -1
K’TO‘er - EjsEOKT - [poLerOXrOIp :

[

PROOF. In fact we have Eer = [pofjrgolljl, Ky = ]poxjolz;l. QED

Then the following two results hold true (for p < n).

p
Proposition 3.5 Let 0 <p <n—1 and I,([a]) = h(a) € V,. Then we have

kitoL; =(h(a)) = dg(21h(a)) + Z1dgh(a) + jraZyv Jdyh(a) .
PROOF. The proof can be easily performed by means of the splitting (), which
yields j,Z o "™ = §. 25 + 7,2y, (77)*a = h(a) + v(a) and (7771)*d = dy + dy. We
have

H:JFSOZjTE(h(a)) = h(Ljzq)
= h((dg + dv)(jrs1Zm + Jri1Zv) Jh(a))

+ h((Jr2Zm + Jr2Zv) I (dm + dv)h(a))
= dg(jrs1Z2m JR(@)) + Jr2Zm Jdph(@) + jryaZy Jdyh(a) . QED
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Theorem 3.6 (First Noether’s theorem) Let p = n and I,,([a]) = h(«a) € ]7},“ Then
we have (locally)

ki oLy =(h(a) = Ev 1E(Ma)) + di (j:Ev I Paynee) + ETh(@)) .

Proor. We make use of the same techniques used to prove the above proposition,
together with the decomposition ([B]). We have

k7oL =(h(@)) = h(Lj,,,=h(a)))
=dg(jr1Zm Jh(a)) + h(jr2Zy Jdyh(a))
=dg(E1h(a)) + h(j2r+1Zv 1 (Eayne) + Fayn@)) -

Since Fy, h(a) = duaPay (o) at least locally, because of ([3]) we obtain (locally)

szrJrlOEjTE(h(a)) ==y g(h(@)) + dH(erVdevh(a) + = h(oz)) . [eeD

Since we are also interested in the case p = n + 1, we first prove another technical
Lemma.

p
Lemma 3.7 Let I,([a]) € V, with p > n. Then we have (globally)

koL, zl)([0]) = [du(Eh(a)) + dv (jr1Ev 1 h(@)) + GriaZv 1dvh(a)] .
PROOF. We can easily prove the lemma by making use of the decomposition ()
and of the isomorphisms 7,. We find
koL, =l([a]) = [A(L;,za)]
= [h((dx + dv)(Jr1Z8 + jra1Zv) 2 h())
+ h((Jr+2Z0 + Jr25v) 1 (dy + dv)h())]
= [du(Z1h(a)) + dv (jr1Zv Jh(@)) + jra2Zv Jdvh(a)]

where we have used dy (j, 125 Jh(a)) = dg(Z 1 h()). QED

Remark 3.8 As for the case p = n + 1, we remark that an Euler-Lagrange type
morphism can be given in two ways:

n+l n+l
1. as [a] € A,/ ©,, which yields the morphism Ej,4);
n+1
2.asne V,.
In principle, the two ways are equivalent. But in practical calculations it is very
n+1
hard to find an o € A, such that n = Ej,) holds. O
n+1
Theorem 3.9 (Second Noether’s theorem) Let p =n+ 1 and « € A .. Then we

have

ki o L 2 ([o)) = £(,Zy Jh()) + f{dEh(a) (Jor+1Zv) -
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PRrROOF. By the above lemma we have

Ky oLy 2l ([0]) = L ([E(Ev Jh(a)) + jryeZv Jdyh(a)])
= [E(GrEv I h(@)) + Jort1Ev 1 dv Eh(a)]
= E(JrEv 1 h(@)) + Hap,,, (Jor+1Ev) -

QED

n+1 n+1
Remark 3.10 Let p=n+1and I,11([n])) =n € V , C V 241. Then we have

K%:I%OE]’TETI = g(EVJ 77) + [’_:]—dn(j2r+1zv> .

Noether’s theorems and variational sequences

Here we summarize the above results on symmetries in the finite order variational
sequence.

Theorem 3.11 Let (Z,Z) be a projectable vector field on'Y and r < s. We have
the commutative diagram

where L; = is defined as follows:
P
1. if0<p<n—1and p€V,, then s=r+3 and

Lj=(p) = dH(EJ ) + =N At + Jrio=y Jdyp;

2. ifp=mn cmd)\e)zr, then s =2r +1 and

L;=(A) =Zy 1EN) +du(jrZv Ipayr +Z1N) ;

n+1
3. ifp=n+1landa € A, thens=4r+1 and

Li=(En) = E(G:Zv 1h(a)) + Hup, ., (j2r+1Zv) -
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4 Relations with the Calculus of Variations

In this section we analyse some consequences of Noether’s theorems. In particular, we
find the relationship between abstract Noether’s theorems and some standard concepts
of the Calculus of Variations. The above theorems play an important role in math-
ematical and physical applications concerning “variationally relevant” symmetries of
Lagrangians and Euler-Lagrange morphisms.

Definition 4.1 Let (Z,Z) be a projectable vector field on Y. Let A € V, be a
n+1
Lagrangian and n € V , an Euler-Lagrange morphism. Then = is called a symmetry

of A (of ) if £; ,,= A = 0 (respectively, £, ,,=n =0). O

Jr+1=

Remark 4.2 Due to ££;= = L; =€, a symmetry of a Lagrangian ) is also a
symmetry of its Euler-Lagrange morphism E) (but the converse is not true, see e.g.
[10, 13, [18]). O

n+1
Let now n € V . be an Euler-Lagrange morphism and let o : X — Y be a section.
We recall that o is said to be critical if n o jo,. 10 = 0.

Remark 4.3 Let A € V, be a Lagrangian and (Z,Z) a symmetry of A. Then, by
theorem [3.0] i.e. the first Noether’s theorem, we have

= :ng()\) + dH(erVdev)\ + EJ )\) .

Suppose that the section o : X — Y fulfils (jo,+10)*(Ey JE(A)) = 0. This condition
holds for all critical sections, but it is not equivalent to the evolution equations since,
in principle, it can hold also on some non—critical sections. Then the (n — 1)—form

_ n—1
€ = jrZy JPayr + = 1A of V o, fulfils the equation

(8) d((j%U)*(erV dPayx + EJ )‘)) =0.
If o is a critical section the above equation (8) admits a physical interpretation as a
conservation law along critical sections for the density associated with e. O

Definition 4.4 Let A € V, be a Lagrangian and = a symmetry of A\. Then a sheaf
morphism of the type

_ n—I1
€= (JrZv IPayr +ZIN) € Vo,
is said to be a conserved current. |

Remark 4.5 In general, a conserved current is not uniquely defined. In fact, it
depends on the choice of pg,, . Moreover, we could add to the conserved current any form

n—1
B € V 5. which is variationally closed, i.e. such that &, 1(8) = 0 holds. Furthermore,
n—2

B is locally of the type 8 = dy7y, where v € V 9,41. O
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In the sequel we give some preliminary examples for the first and second order
Lagrangians making use of the coordinate expressions given in [24].

Remark 4.6 Let »r =1 and A € H; C V;. Then we have the coordinate expression

0
A = Lw, where L € A;. Hence we have the following expression for the conserved
current:

e=(E -2 L+E'L)w,. O

n n
Remark 4.7 Let r =2 and A € Hy C V5. Then we have the coordinate expression

0
A = Lw, where L € Ay. Hence we have the following expression for the conserved
current:

e=(E—y\2)(0'L—D,8" L)+ D,(E' =y, L+ =" L)w,. O
Similar considerations can be made for the Euler-Lagrange morphisms.

n+1
Remark 4.8 Let n € V , and let = be a symmetry of 7. Then, by Remark B.10]
we have

0=E(Ev Jn) + Hay(jor1Zv) -
Suppose that 7 is locally variational, i.e. Hg, = ﬁdn = 0; then we have
(9) E(Evin)=0.
This implies that =y |n is variationally trivial. =y Jn is locally of the type =y Jn =

n—1
dy B, where € V .,1.
Suppose that the section o : X — Y fulfils (jo,4+10)*(Ey 1n) = 0. Then we have
d((j2ro)*B) = 0 so that, as in the case of Lagrangians, if ¢ is a critical section, then
is conserved along o. O

n+1
Definition 4.9 Let n € V , be an Euler-Lagrange morphism and = a symmetry of

n—1
1. Then a sheaf morphism of the type g € V ,;; fulfilling the conditions of the above
remark is called a conserved current. OJ

Remark 4.10 As in the case of Lagrangians, a conserved current for an Fuler—
Lagrange morphism is not uniquely defined. In fact, we could add to =y Jn any vari-
ationally trivial Lagrangian, obtaining different conserved currents. Moreover, such
conserved currents are defined up to variationally trivial (n — 1)—forms. O

Remark 4.11 In general, it is difficult to find a conserved current g of the above
type. A possible way to find [ is the following one. If 7 is locally variational, it is
possible to find a (local) Lagrangian A such that £(A) = 7. Then the conserved current
is found with the same procedure as for Lagrangians. We notice that the problem of
finding the Lagrangian (inverse problem) is rather difficult (see [11], 12, [17, 24]). O
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5 An example of physical relevance

In this section we will consider as an example of application the case of the gravitational
field interacting with an external “matter” field [4]. We shall show how the formalism
developed here enables us to obtain in a very straightforward way well known results
about conserved quantities in General Relativity in presence of “matter”.

Let Y be a natural bundle (see e.g. [7] for a review of naturality). The geometrical
framework concerning natural symmetries will be developed in detail in a forthcoming
paper [5] . Here it is enough to recall that the Lie derivative of a section of Y (see e.g.
[, [7]) can be locally written as

”€§yi = y}yf’y - Z'Zyag::yx )

where a is a multi-index of length |a| = k (the order of the natural bundle) and
Zi® € C*(Y). Moreover, in this case —Zy is just the Lie derivative of sections of the
bundle Y.

The following coordinate expressions hold:
dy A = (dy )&, A w, Eir=EN) Aw, Payr = PN Aw,, .

It is known (see e.g. [9]) that the decomposition formula (B]) when applied to dy A
gives

(10) (dyN)® =pN*  Bru=alal=r,
(11) (dy N =pN* + Dup(\)®  Btp=a,lal=r—1,
(12) (dy N2 = ENE + Dyp(N™ |al =0.

Furthermore, £(\); = Z|a|gr<_1)|a|Da(dV)‘)zq'
Let us now take Y = Lor(X) x F, where Lor(X) is the bundle of Lorentzian
X

metrics over the space-time X and F' is a natural bundle of “matter” fields [4]. Let us
consider the natural Lagrangian A defined on the bundle JY:

(13) A= )\(guua’)/,(ijuw@AaSOﬁ)
(14) = (9", Ruw) + Ar (0", 75, 0™, 00
(15) = Au(j29) + A (G19; 10)

where Ay = —5-1/99*’ Rop is the Hilbert Lagrangian, R, is the (formal) Ricci ten-
sor of the metric g given by Rus:=Ry} 5 = Duvhs — Dsvh, + Vs — VigVeu With
Vs = 19"(Dygsa — Dagus + Dpgay) the (formal) Levi-Civita connection of g, /g =
V/|det(g")|, r is a constant and Ap(719; 1) is the “matter” Lagrangian describing the
dynamics of “matter” fields ¢ interacting with the gravitational field. Then the index
i stands for the set of indices {uv, A} with p,v =1,...,dimX and A =1,... dimF.



14 Symmetries in finite order variational sequences

By a direct computational method, we can compare Equations (I0)—(I2]) with results
already obtained e.g. in [4]. In fact, let us make the substitutions

(dvA)a = fa + P575.00 237,

(dv M) =p(N)i =D,
1

(dvA)ps = §(PAMZE,»W +pA53£a) = A3,

1
(dvA)as = _%\/ggaﬁ =pNag,

1 1 1
(d\/A)W = §t;w - %\/E(RW - §ng/) )

where R = g®? R, is the Ricci scalar curvature and we set p?” := p for the convenience
of notation.
It is easy to verify that Equation (§) with the above mentioned substitutions gives

1

¢ = —%\/gga%gugﬁ + T3, £eg™ + pFLep™ — A
1

+ Vu[%\/ﬁ(v”ﬁ“ )

+ EJE + BV, 8 = T7EN + IV 8 + (dv A)jE”

«

terms of pg by means of (IIl) and (I2)) in the following way:

Here uly = 735 — 3[05705 + 65704), Vo™ = D™ + Z0°(p)v5, and T9, is defined in

2T, = —2[pj’\Z(/>W) +pA(MZ,i\)U] _ [pAVZZL\U —i—pA#Z,ﬁ\”]

= _2A((T;u/) - Azu = p(A)ZV .
The tensor density Ty, is related by (I2) to the so—called Hilbert stress tensor density
Ty =t — Vo1, [4]. Furthermore, the tensorial coefficients E and EJ* are defined
by

E] = (dvA)iVue® = 00, B = —(dv )i 20" (9),

v

and are called energy—momentum tensors of the theory.

Remark 5.1 This approach shows clearly that the density 77, expresses the cou-
pling of the matter field with the derivatives of the metric, because it defines the re-
lationship between the momentum p(\)7,, “associated” to the gravitational Lagrangian
and the momentum p(A\)g “associated” to the matter Lagrangian. O

6 Conclusions

The introduction of the variational Lie derivative enables us to collect a wide range of
concepts and coordinate formulae. Namely, we obtain a natural framework from the
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idea that Lie derivatives with respect to prolonged vector fields preserve the contact
subsequence.

The representation of the variational sequence yields explicit formulae for the vari-
ational Lie derivative. Moreover, we obtain expressions for the conserved currents in a
straightforward way. Furthermore, our approach enables us to know which is the degree
of arbitrariness [I9] when we deal with conserved currents (see Remarks .5 and E10).

Making use of this natural framework, in a forthcoming paper [5] we shall give
a geometrical interpretation of the superpotentials in natural field theories (see [4]
and references quoted therein). An extension to gauge—natural field theories will be
considered in [2].

References

[1] I. M. ANDERSON, T. DucHAMP: On the existence of global variational principles, Amer. Math.
J. 102 (1980) 781-868.

[2] L. FATIBENE, M. FRANCAVIGLIA, M. PALESE: Conservation laws and variational sequences in
gauge-natural theories, to appear in Math. Proc. Cambridge Phil. Soc. 130 (2) (2001) xx—xx.

[3] M. FERRARIS: Fibered connections and global Poincaré-Cartan forms in higher-order calculus
of variations, in: Proc. Diff. Geom. and its Appl. (Nové Mésto na Moravé, 1983); D. Krupka ed.,
J.E. Purkyné University (Brno, 1984) 61-91.

[4] M. FERRARIS, M. FRANCAVIGLIA: The Lagrangian approach to conserved quantities in general
relativity, Mechanics, Analysis and Geometry: 200 Years after Lagrange; M. Francaviglia ed.,
Elsevier Science Publishers B. V. (Amsterdam 1991), 451-488.

[5] M. FRANCAVIGLIA, M. PALESE, R. VITOLO: Superpotentials in variational sequences, Proc. VII
Conf. Diff. Geom. and Appl., Satellite Conf. of ICM in Berlin (Brno 1998); I. Kolar et al. eds.;
Masaryk University in Brno (Czech Republic) 1999, 469-480.

[6] P. L. GARcIA, J. MUNOZ: On the geometrical structure of higher order variational calculus, Proc.
TIUTAM-ISIMM Symp. on Modern Developments in Anal. Mech., (Torino, 1982); S. Benenti, M.
Francaviglia, A. Lichnerowicz eds., Tecnoprint (Bologna, 1983) 127-147.

[7] 1. KOLAR, P.W. MICHOR, J. SLOVAK: Natural Operations in Differential Geometry, (Springer—
Verlag, N.Y., 1993).

[8] 1. KOLAR: Lie derivatives and higher order Lagrangians, Proc. Diff. Geom. and its Appl. (Nové
Mésto na Morave, 1980); O. Kowalski ed., Univerzita Karlova (Praha, 1981) 117-123.

[9] 1. KOLAR: A geometrical version of the higher order hamilton formalism in fibred manifolds, J.
Geom. Phys. 1 (1984) (2) 127-137.

[10] D. KRUPKA: Some geometric aspects of variational problems in fibred manifolds, Folia Fac. Sci.
Nat. UJEP Brunensis 14, J. E. Purkyné Univ. (Brno, 1973) 1-65.

[11] D. KrRUPKA: Variational sequences on finite order jet spaces, Proc. Diff. Geom. and its Appl.
(Brno, 1989); J. Janyska, D. Krupka eds., World Scientific (Singapore, 1990) 236-254.

[12] D. KrRuPKA: Topics in the calculus of variations:fFinite order variational sequences, Proc. Diff.
Geom. and its Appl. (Opava, 1993) 473-495.

[13] D. KRUPKA, A. TRAUTMAN: General invariance of Lagrangian structures, Bull. Acad. Polon.
Sci., Math. Astr. Phys. 22 (1974) (2) 207-211.



16

[14]

[23]
[24]
[25]

[26]

Symmetries in finite order variational sequences

L. MANGIAROTTI, M. MODUGNO: Fibered spaces, jet spaces and connections for field theories,
in Proc. Int. Meet. on Geom. and Phys., Pitagora Editrice (Bologna, 1983) 135-165.

J. NovoTNY: Modern methods of differential geometry and the conservation laws problem; Folia
Fac. Sci. Nat. UJEP Brunensis (Physica) 19 (1974) 1-55.

D. J. SAUNDERS: The Geometry of Jet Bundles, Cambridge Univ. Press (Cambridge, 1989).

F. TAKENS: A global version of the inverse problem of the calculus of variations, J. Diff. Geom.
14 (1979) 543-562.

A. TRAUTMAN: Noether equations and conservation laws, Comm. Math. Phys. 6 (1967) 248-261.

A. TRAUTMAN: A metaphysical remark on variational principles, Acta Phys. Pol. B XX (1996)
1-9.
W. M. TurLczyJEw: The Lagrange complex, Bull. Soc. Math. France 105 (1977) 419-431.

A. M. VINOGRADOV: On the algebro—geometric foundations of Lagrangian field theory, Sowviet
Math. Dokl. 18 (1977) 1200-1204.

A. M. VINOGRADOV: A spectral sequence associated with a non-linear differential equation, and
algebro—geometric foundations of Lagrangian field theory with constraints, Soviet Math. Dokl. 19
(1978) 144-148.

R. ViToLo: On different geometric formulations of Lagrangian formalism, Diff. Geom. and its
Appl. 10 (1999) 225-255.

R. ViToLo: Finite order Lagrangian bicomplexes, Math. Proc. Cambridge Phyl. Soc. 125 (1)
(1998) 321-333.

R. VITOLO: A new infinite order formulation of variational sequences, Arch. Math. Univ. Brunen-
sis 34 (1998) 483-504.

R. O. WELLS: Differential Analysis on Complex Manifolds, GTM, n. 65, Springer—Verlag (Berlin,
1980).

Authors’ addresses:

Mauro Francaviglia, Marcella Palese

Department of Mathematics, University of Turin

Via C. Alberto 10, 10123 Turin, Italy

E-mail: francaviglia@dm.unito.it, palese@dm.unito.it
Raffaele Vitolo

Department of Mathematics “E. De Giorgi”, University of Lecce
Via per Arnesano, 73100 Lecce, Italy

E-mail: vitolo@ilenic.unile.it



	Introduction
	Jet spaces and variational sequences
	Jet spaces
	Variational sequences
	Representation of the variational sequence

	Variational Lie derivative
	Relations with the Calculus of Variations
	An example of physical relevance
	Conclusions

