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Abstract

We study the geometry of differential equations determined uniquely by their
point symmetries, that we call Lie remarkable. We determine necessary and
sufficient conditions for a differential equation to be Lie remarkable. Furthermore,
we see how, in some cases, Lie remarkability is related to the existence of invariant
solutions. We apply our results to minimal submanifold equations and to Monge-
Ampere equations in two independent variables of various orders.
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1 Introduction

One of the most successful achievements in the geometric theory of differential equations
(DEs), either ordinary or partial, is the theory of symmetries [5, 6, 18, 32, 33, 34].
Symmetries of DEs are (finite or infinitesimal) transformations of the independent and
dependent variables and derivatives of the latter with respect to the former, with the
further property of sending solutions into solutions. The knowledge of the symmetries of
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a DE may lead to compute some of its solutions, or to transform it in a more convenient
form; in the case of an ordinary differential equation (ODE) it may allow to reduce the
order, determine integrating factors, etc.

Point symmetries are the main object of study in this paper. Any transformation of
the independent and dependent variables induces a transformation of the derivatives,
which is said to be a point transformation. Point symmetries of a DE are symmetries
defined by point transformations.

The problem of finding the symmetries of a DE has a natural “inverse” problem
associated, namely, the problem of finding the most general form of a DE admitting a
given Lie algebra of infinitesimal point symmetries. To the authors’ knowledge, the in-
verse problem has been considered for the first time in [4] from an algorithmic viewpoint
in order to characterize all DEs admitting a given group. An interesting contribution
has been given by Rosenhaus in 1982 [38], who posed the problem of the unique de-
termination of a DE by its group; in fact, in [38] the author considered the projective
algebra of R? and its subalgebras, and was able to prove that the equation of vanish-
ing Gaussian curvature of surfaces in R?® (which is a Monge-Ampere-type equation) is
uniquely determined by its Lie point symmetries.

One possible approach to this problem is to classify all possible realizations of the
given Lie algebra as algebra of vector fields on the base manifold [37]. Then, the theory
of differential invariants of such realizations allows to find the most general form of
the equation [17, 37]. In fact, it is known (see [33]) that, under suitable hypotheses
of regularity, the most general DE admitting a given Lie algebra of point symmetries
is locally given by A,(Iy,Is,...,I;) = 0 where A, are general smooth functions and
I; (i = 1,...,k) are the differential invariants of the realization under consideration.
However, it could be hard to compute the differential invariants, though it amounts to
solve a first order differential system. Then, in some cases, it is necessary to confine
the investigation to a specified class of DEs, i.e., to impose additional constraints to
the form of A,; in this context interesting questions may arise. For instance, how to
derive the functional form of a quasilinear first order system of DEs which are invariant
with respect to the Galilean group [28, 42, 44], or to a scaling group [12, 13]. Moreover,
in [38, 39, 40] it was considered the problem of finding the minimal subalgebra of the
algebra of point symmetries of the equation of vanishing Gaussian curvature of surfaces
in R? which uniquely determines it. A 6-dimensional Lie subalgebra characterizes this

equation provided attention is restricted to fully symmetric systems (see also remark
20).

In this paper we face a problem which is related to that described above, i.e., to
find under which conditions a given DE is uniquely determined by the Lie algebra of its
infinitesimal point symmetries. By following the terminology already used in [26, 30, 31],
we call such DE Lie remarkable.

The plan of the paper is the following. In section 2, we introduce a DE of order r as
a submanifold of a suitable jet space (of order r), which is a manifold whose coordinate
functions of a chart can be interpreted as “independent” and “dependent” variables,
and by the derivatives of the latter with respect to the former up to the order r. For
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the dimension of a DE we mean its dimension as submanifold. Symmetries of a given
DE will be interpreted as particular vector fields on the jet space tangent to the DE.

In section 3, we introduce two distinguished types of Lie remarkable equations:
strongly and weakly Lie remarkable equations. Strongly Lie remarkable equations are
uniquely determined by their point symmetries in the whole jet space; weakly Lie
remarkable equations are equations which do not intersect other equations admitting the
same symmetries. An interesting question concerns with the construction of solutions
of a DE which is uniquely determined by its point symmetries. This problem was
posed in [40], where the author proved that the solutions of the equation of vanishing
Gaussian curvature of surfaces in R? can be characterized as invariant solutions with
respect to some of its point symmetries. In the present paper, we show that the Lie
remarkability, for DEs which are ‘generalized sprays’ in the sense of [36], implies the
existence of invariant solutions.

Then, we find necessary and sufficient conditions for a given DE to be (strongly or
weakly) Lie remarkable by analyzing the dimension of the Lie algebra of point symme-
tries and the regularity of the local action that these symmetries induce on the jet space
where the DE is immersed. Our viewpoint reverses and generalizes the Lie determinant
method [33]. Such a method, together with the method of differential invariants, aims
at finding the most general form of a scalar ODE which is invariant with respect to a
r-dimensional Lie algebra of point symmetries. In this case, for dimensional reasons,
the components of the symmetries form a square matrix whose determinant is the Lie
determinant.

We stress that, by using our method, we do not need to find differential invariants
of symmetries in order to determine if a given DE is Lie remarkable or not, as in
[30, 38, 39, 40].

Of course, many DEs are not Lie remarkable for lack of point symmetries (see the-
orem 5). Among them we recall KAV equation, Burgers’ equation, Kepler’s equations.
Several authors studied the problem of finding, for a given equation, an extension of
the algebra of point symmetries for which the equation at hand is determined. For
instance, in [1, 19] such a construction is performed in the case of ODEs by considering
a non-local extension of the algebra of point symmetries. Also, in [38] it is shown that
the algebra of contact symmetries characterizes the equation of minimal surfaces rather
than the point ones.

In the remaining sections we give various examples of DEs that are strongly or
weakly Lie remarkable.

In section 4, we consider minimal submanifold equations, and prove that minimal
surface equation in R” is weakly Lie remarkable if £ = 3, 6, but it is not Lie remarkable if
k =4,5. We also show how strong Lie remarkability of the equation of unparametrized
geodesics in a Riemannian surface is related to Gaussian curvature. Its invariant solu-
tions behave as predicted by theorem 12.

Furthermore, in section 5 we consider Monge-Ampere equations in two independent
variables of various orders. The computations of Lie algebras of point symmetries of
the equations considered are performed through the use of computer algebra packages
(mainly Relie [29] and MathLie [3]); the (strong or weak) Lie remarkability is proved by

3



calculating the rank of the distributions determined by prolongations of the Lie algebra
and determining the submanifolds where the rank decreases. The differential invariants
of the Lie algebras of point symmetries of the examples of weak Lie remarkable equations
are determined as a by-product.

2 Preliminaries

Here we recall some basic notions of the theory of jet spaces. We start to define jets
of submanifolds, and as by-product we derive the definition of jets of fibrations. Our
main sources are [6, 24, 32, 33, 43].

In this paper manifolds and maps are C*°. If F is a manifold then we denote by x(FE)
the Lie algebra of vector fields on E. Also, for the sake of simplicity, all submanifolds
of E are embedded submanifolds.

Let E be an (n + m)-dimensional smooth manifold and L an n-dimensional em-
bedded submanifold of E. Let (V,y?) be a local chart on E. The coordinates (y*)
can be divided in two sets, (y*) = (z*,u’), A\=1...n and i = 1...m, such that the
submanifold L is locally described as the graph of a vector function v’ = fi(z!,... 2™).

The chart (2, u?) is said to be a divided chart which is concordant to L. Here, and
in what follows, Greek indices run from 1 to n and Latin indices run from 1 to m unless
otherwise specified.

Let t: L — FE and //: L' — FE be two submanifolds, and p € L N L'. We say that L
and L’ have a contact of order r at p if © and ¢/ have a contact of order r at p. Locally,
this means that the Taylor expansion of (¢ —¢') around p in a chart which is concordant
with respect to both L and L’ vanishes up to the order ». This property is invariant by
coordinate transformations.

The above relation is an equivalence relation; an equivalence class is denoted by [L]7.
The set of such classes is said to be the r-jet of n-dimensional submanifolds of E and
it is denoted by J"(E,n).

The set J"(FE,n) has a natural manifold structure. Namely, let o = (01,09, ...,0%),
with 1 < oy < -+ < 0p < nand r € N, be a multi-index, and || = k. Any divided
chart (z*,u’) at p € E induces the local chart (z*,ul) at [L]; € J"(E,n), where
lo| < r and the functions u/, are determined by uf, o j,L = 8!°!i' /02”. The dimension
of J"(E,n) is readily computed:

N B "\ (n+h-1 B n+r
(1) d1mJ(E,n)—n+m;( 0 )—n+m( . )

We have the following natural maps:
1. the embedding j.L: L — J"(E,n), p+ [L],

2. the projection 7y J¥(E,n) — J*(E,n), [L]¥ — [L]* k> h.
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We denote by L™ the image of j,L. We call the tangent plane Ty L") at 6, =
[L]; an R-plane. It is easy to realize that to each point 6,,, € J""'(E,n) such that
Tr41,0(Ors1) = 0, there corresponds the R-plane Ry, ,, = Ty, L.

The span Cj of all R-planes at 6, is said to be the contact plane (or Cartan plane).
The correspondence 0, — Cy is said to be the contact distribution. The contact distri-

bution on J"(E,n) is generated by the vectors

0 ;0 0
D= % L 9 g L
T g M u
where 0 < |o| < r —1, |7| = r and o)\ denotes the multi-index (oy,...,0,-1, A).

The vector fields D, are said to be total derivatives, and are tangent to any prolonged
n-dimensional submanifold of E.

A diffeomorphism of J"(E, n) preserving the contact distribution is called a contact
transformation. Analogously, a vector field = € x(J"(E,n)) is said to be a contact
vector field if [Z,Y] is a vector field lying in C" whenever Y is a vector field lying in C".

We can lift a contact transformation G : J"(E,n) — J"(E,n) to a contact trans-
formation GV : J*YE n) — JHY(E,n) in the following way: take an element
0,41 € J'PY(E,n) and identify it with Ry,_,,. Then define GV as the map that takes
Ry, ., to Ty, G(Ry,,,). We call such an operation the I-lift. By induction, we can de-
fine the k-lift of a contact transformation. By using this reasoning, we can lift contact
fields by lifting the corresponding one-parameter group of contact transformations. In
coordinates, if = = Z29/0x* + Z'0/0u’ is a vector field on E, then its k-lift Z*) has
the coordinate expression

(2) =W ==

where Z2, = Dy(21) — ul ;D\(2°) with || < k.

According to a classical result by Lie and Backlund, any contact transformation on
J'(E,n) is the lifting: 1) of a contact transformation of J'(E,n) if m = 1; 2) of a
diffeomorphism of J°(E,n) = E (which we call point transformation) if m > 1. An
analogous result holds for contact vector fields.

1 Remark. If F is endowed with a fibring 7 : E — M where dim M = n, then we can
reproduce all the above constructions (see [6, 32, 33, 43]). The space J"m of r-th jets of
(local) sections s: M — E of 7 is an open dense subset of J"(F,n). In fact, it coincides
with the subset of r-th jets of submanifolds of the type s(M), which are transverse to
the fibring. Jets of maps f: N — P between two manifolds N and P are easily shown
to coincide with jets of the trivial fibring N x P — N.

A differential equation £ of order r on n-dimensional submanifolds of a manifold £
is a submanifold of J"(E,n). The manifold J"(E,n) is called the trivial equation.

The I-prolongation £ of the equation & is the set of first order “differential conse-
quences” of £. Geometrically:

E' =104, € JTTHE,n) |0, €&, Ry, CTyEY,

r+1
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with 7, 11,(0,11) = 0,. By iteration, we can define the k-prolongation EF. The equation
£ is said to be formally integrable if £t — £* are smooth fibre bundles. Locally, if
the equation & is described by {F? = 0}, with F* € C*(J"(E,n)), then & is described
by {Dg(F") = 0} with 0 < |o| < k, where Dy = D,, 0 Dy, 0---0 D, .

An infinitesimal classical (external) symmetry of the equation & C J"(E,n) is a
contact vector field on J"(E, n) which is tangent to £. An infinitesimal point symmetry
of £ is an infinitesimal classical external symmetry which is the prolongation on J"(E,n)
of a vector field on E.

Let £ be locally described by {F' = 0}, i = 1...k with & < dim J"(E,n). Then

finding point symmetries amounts to solve the system
=) (F’) =0 whenever F'=0

for some = € x(F).

We denote by sym(&) the Lie algebra of infinitesimal point symmetries of the equa-
tion £.

By an r-th order differential invariant of a Lie subalgebra s of x(E) we mean a
smooth function F': J"(E,n) — R such that for all Z € s we have 2" (F) = 0.

The problem of determining the Lie algebra sym(&) is said to be direct Lie problem.
Conversely, given a Lie subalgebra s C x(J"(E,n)) of contact vector fields, we consider
the inverse Lie problem, i.e., the problem of classifying the equations & C J"(FE,n) such
that sym(&) = s [2, 16].

Within the context of inverse Lie problem an interesting question may arise whether
there exist non-trivial equations which are in one-to-one correspondence with their
algebra of point symmetries. A detailed analysis of this problem is the content of next
section.

3 Lie remarkable equations

Here we give the definition of Lie remarkable equations in the framework of jets of
submanifolds. The same construction holds in an obvious way in the case of jets of
fibrings.

2 Definition. Let E be a manifold, dimE = n + m, and let » € N, » > 0. An
[-dimensional equation £ C J"(E,n) is said to be

o weakly Lie remarkable if £ is the only maximal (with respect to the inclusion)
[-dimensional equation in J"(E,n) passing at any 0 € £ admitting sym(€) as
subalgebra of the algebra of its infinitesimal point symmetries.

o strongly Lie remarkable if £ is the only maximal (with respect to the inclusion)
[-dimensional equation in J"(FE, n) admitting sym (&) as subalgebra of the algebra
of its infinitesimal point symmetries.



Of course, a strongly Lie remarkable equation is also weakly Lie remarkable.

We assume throughout this section an (n + m)-dimensional manifold £ and an
[-dimensional differential equation & C J"(E,n), with [ < dim J"(E, n).

Let us analyze some direct consequences of our definitions. For each 6 € J"(E,n)
denote by Sp(E) C TpJ"(E,n) the subspace generated by the values of infinitesimal
point symmetries of £ at 0. In particular, if § € £, then Sp(E) C TpE. Let us set

SEE J Sie).
)

0eJm(En

In general, dim Sp(E) may change with 6 € J"(E,n). The action on J"(E,n) of the
algebra of point symmetries is called regular if S(€) is a distribution.
The following inequality holds:

(3) dimsym(&) > Sy(€), VO € J"(E,n),

where dim sym(€) is the dimension, as real vector space, of the Lie algebra of infinites-
imal point symmetries sym(&) of €. If the rank of S(E) at each § € J"(F,n) is the
same, then S(&) is an involutive (smooth) distribution.

A submanifold N of J"(E,n) is an integral submanifold of S(E) if TyN = Sp(&)
for each § € N. Of course, an integral submanifold of S(£) is an equation in J"(F,n)
which admits all elements in sym(€) as infinitesimal point symmetries. Moreover, due
to the fact that point symmetries of £ are tangent to &, we have dim Sy(€) < I.

3 Proposition. The points of J"(E,n) of mazximal rank of S(E) form an open set of
J"(E,n).

Proof. Let us consider a chart U at a point # of maximal rank. Let us consider a finite
number of symmetries {=;} spanning Sp(€) at #. In the chart U let us consider the
matrix (=), where Z7 is the i-th component of the j-th point symmetry of €. The rank
of such a matrix decreases if the determinant of some submatrix vanishes. The points
which satisfy such a condition form a closed set of U which does not contain 6. If we
remove it from U, we obtain a neighborhood of p of maximal rank. O

4 Corollary. The equation £ can not coincide with the set of points of mazximal rank
of S(&).
Proof. 1t follows from the condition dim & < dim J"(E, n). O

5 Theorem. 1. A necessary condition for £ to be strongly Lie remarkable is that
dimsym(€) > dim €.

2. A necessary condition for £ to be weakly Lie remarkable is that dimsym(E) >
dim &.

Proof. 1. Let U C J"(E,n) be an open neighborhood at 6 ¢ £ where the rank of
S(€) is maximal (see the proposition and corollary above). Let ¢ be this rank. By
contradiction, let ¢ < dimsym(&). Then consider an /-dimensional submanifold
of J"(E,n) passing at # made up by ¢g-dimensional leaves of S(£)|y. This implies
that the equation £ is not strongly Lie remarkable.
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2. If dimsym(€) < dim &, then there would be several submanifolds of J"(E,n)
passing at a point § € & which are tangent to vector fields in sym(&), which
contradicts the weak Lie remarkability.

O

6 Theorem. If S(E)|s is an l-dimensional distribution on € C J"(E,n), then & is a
weakly Lie remarkable equation.

Proof. Of course, an equation & passing at ¢ € & admitting sym(&) as subalgebra of
point symmetries and such that Ty€ # TpE can not exist. So, suppose that there is an
I-dimensional equation € passing at ¢ € & with ToE = TyE. A symmetry X € sym(&)
would be tangent to both £ and &, and, in particular, Xy € Tgé' TpE. Then, X would
have two distinct integral curves passing at 6, leading to a contradiction. O]

7 Theorem. Let S(&) be such that for any 0 ¢ € we have dim Sp(E) > 1. Then &€ is a

strongly Lie remarkable equation.

Proof. By contradiction, let € be another [-dimensional equation passing at 6 ¢ &
and admitting sym(&) as subalgebra of point symmetries. Then Ty€ C Sy(E). This
would imply that € would not have sym(&) as a subalgebra of the algebra of its point
symmetries. ]

8 Remark. In the proofs of previous theorems we construct some submanifold of the
jet space without caring if this submanifold is a formally integrable equation. However,
we would like to stress that in the scalar case any submanifold of codimension 1 is
always a formally integrable equation. In our examples we will mainly be concerned
with this last case.

The fact that an equation £ is uniquely determined by its point symmetry algebra
has consequences on the local, and in some cases global, topological structure of £ as a
manifold.

We recall (see, e.g., [35]) that a (left) action of a Lie group G on a manifold M is a
smooth map a: G x M — M such that a(g,a(h,z)) = a(gh,z) and a(e, z) = z for all g,
h € G, x € M, e being the identity in GG. This concept has a local analogue (see, e.g.,
[32]). From theorems XI, p. 58 and IV, p. 98 of [35] we obtain the following theorem.

9 Theorem. Let s be a [-dimensional subalgebra of sym(E). Let {EET)}lgigl be a basis
of 5. Let us suppose that span{EZ(- (0) }1<i<i = So(E) = TYE for any 0 € E. Then € has
the structure of a local Lie group.

More precisely, there exists a Lie group S whose Lie algebra is s, and a local dif-
ferentiable action ¢: S x € — & by point symmetries of £ whose tangent map is the
inclusion of s into sym(E). If the vector fields =; are complete (in particular if € is a
compact manifold), then the action is global.

Note that if the hypotheses of the above corollary are satisfied, then, following the
terminology of [35], the Lie algebra s is a Kobayashi Lie algebra. For this reason, if
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the action of S on £ is global, then a necessary and sufficient condition that the map
o(+,0): S — & be a diffeomorphism for 6 € £ is that the isotropy group of the action
at 6 is trivial [35, p. 105].

The previous theorem deals with topological aspects of the equation. In this pa-
per we will not study topological aspects of Lie remarkability, even if they are quite
interesting (see for instance proposition 18). We will postpone this aspect for a future
investigation.

Many differential equations are given as the zero set of just one differentiable func-
tion. Indeed, the former definition and examples of Lie remarkable equations have been
formulated by one of us [30] in this case (see also [26]). We may rediscover the former
definition as a particular case of our present more comprehensive theory.

10 Proposition. Let s be a Lie subalgebra of x(J"(E,n)). Let us suppose that the
r-prolongation subalgebra of s acts regularly on J"(E,n) and that the set of r-th order
functionally independent differential invariants of s reduces to a unique element I €
C>®(J"(E,n)). Then the submanifold of J"(E,n) described by A(I) =0 (in particular
I =k for any k € R), with A an arbitrary smooth function, is a weakly Lie remarkable
equation.

Proof. It follows in view of the fact that A(7) = 0 is the most general equation admitting
s as a Lie subalgebra of point symmetries [32, 33]. O

When one speaks about Lie remarkable equations, a natural question arises. Namely,
about Lie remarkability of the first prolongation £' of £ whenever £ is Lie remarkable.
Then we immediately realize (see theorem 5) that Lie remarkability is a property that,
for dimensional reasons, generally does not hold on prolongations. But there is a special
class of differential equations for which this is true. For instance, let an equation &£ be
the image of a section V: J""Y(E,n) — J"(E,n). Such equations can be thought
as ‘generalized sprays’ [36]. Examples of such equations are, for instance, the totally
geodesic submanifold equation. With such an equation it is possible to associate the
n-dimensional distribution R oV on J""*(E,n) defined by § — Ry (re recall that
Ry ) is a R-plane, see section 2). We call such equation integrable if this distribution
is integrable.

11 Theorem. Let € be the image of a section V: J Y E,n) — J"(E,n). Let & be
integrable. If £ is weakly Lie remarkable, then also EF is weakly Lie remarkable.

Proof. Of course, it is sufficient to prove the proposition for £ = 1. Following the same
reasoning as in [25], we see that the prolongation (V(6))® of a point V(6) is the point
represented by the pair (V(6), TyV(Ry(g))). Let us note that 75V (Ry ) is a R-plane
in view of the integrability. If we define VIV by V(9) = (V(6))1), then

Cv(l)(@) (51) ~ Tgv(l) (Rv(g)) ~ RV(Q).

Therefore, £ is completely identified with £, and point symmetries of both equations
are vector fields on E whose (r — 1)-prolongations are symmetries of the distribution

RoV. ]



We have the following interesting result.

12 Theorem. Let £ be the image of a section V: J"YE,n) — J(E,n). Let £ be
integrable. If it is weakly Lie remarkable, then any solution is invariant with respect to
a 1-dimensional subalgebra of its algebra of point symmetries.

Proof. In view of our previous discussion, we can identify £ with J"'(E,n), and a
solution with an integrable submanifold of the distribution Ro V. Let 6 € J" ' (E,n)
and L be the unique solution passing at 6. Let vy € TyL. By hypothesis, vy = aiEz@(G)
with @' € R and Z; € x(E). Let us consider the vector field 2 = ¢i=". In view of
the fact that =) is still a point symmetry, and then sends solutions into solutions, we
obtain that =) is tangent to L. O

4 Lie remarkability of minimal submanifold equa-
tions

Let E be a Riemannian manifold with metric g. There are several interesting differential
equations which are formulated on submanifolds of E (see, for example, [11]). Here we
mostly deal with local geometric aspects of such equations (see [27] for an intrinsic
treatment).

We show that the minimal surface equation in R? and R are weakly Lie remarkable
(provided we exclude from them the differential equation of planes), whereas in R* and
R5 they are not. Moreover, we will show how the Gaussian curvature of a surface is
related with the strong Lie remarkability of the geodesic equation.

Now, we recall the main geometric concepts that we will use in this paper.

If L C Eis asubmanifold of E, then we can consider the restriction of the metric g to
the tangent space T'L, which is a subspace of the tangent space of E. Such a restriction,
denoted by gy, is said to be the first fundamental form. The first fundamental form
depends only on the first-order jet of L. So, there exists a tensor on J'(E,n), the
universal first fundamental form g™, which has the coordinate expression

(4) 9" = (g + g,\jui + gipuly + gijug\ui)%)\ ® dat.

Here da is a one-form induced on J'(E,n) by dz* by restricting it to total derivatives
D,,. Of course, for any submanifold ¢: L — E we have g;, = (*¢"; this is the reason of
the term ‘universal’.

Now, on one hand, g7, produces a Levi-Civita connection on L, on the other hand the
Levi-Civita connection of the environment space can be restricted to act on vector fields
tangent to L. The difference between the two is a bilinear form I1 on T'L with values
in the normal space NL to L. The form /I depends only on second-order jets of L. So,
there exists a symmetric bilinear form on J2(FE,n), the universal second fundamental
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form IT" which has the coordinate expression

(5) IIH:<u + T + Tyl pul + T,k 4+ Tyl u

(T + T4l + Tl + T gl u ))dxp®d;c ® N,

Here the I'’s are the standard Christoffel symbols, and for each function (u’(z?*)) the
vectors N; = 0/0u’ — (g + giju,) ((9") )" Dy are a basis of the normal space to the
graph (z*,u'(2)). From the above map we obtain the mean curvature vector by a
metric contraction

1
6) HY = —(¢M)1L(11T) = ((¢")" 1)”P(u T, + Tt + Tk + Tl

n
- ui(ruop + Fkgpul]i + FuUkUl; + Fjaka;Ul;))Ni.

In the case m = 1 (L hypersurface) and if L is orientable, then a unit normal vector
allows us to convert ] into a (1,1) tensor field, and H into a function, the mean
curvature scalar. Then, it turns out that the invariants of /1 are its eigenvalues, which
are said to be the principal curvatures of L, and its determinant, which is said to be
the Gaussian curvature GG. In a way analogous to eqs. (5) and (6) we obtain a function
G on J%*(E,n) whose coordinate expression is

(7) G =det (((¢") )7, [N1]]) -

The submanifold (17)71(0) C J?(E,n) is the equation of totally geodesic n-dimen-
stonal submanifolds.

The submanifold (H#)~1(0) C J*(E,n) is the equation of minimal n-dimensional
submanifolds.

In the case n = 1 the equation of minimal 1-dimensional submanifolds and the
equation of totally geodesic 1-dimensional submanifolds reduce to the equation of un-
parametrized geodesics (this means that its solutions are geodesics as 1-dimensional
submanifolds, i.e., with no distinguished parametrization).

4.1 Minimal n-dimensional submanifolds in R*™,

In our formalism, minimal surfaces in R”*™ are n-dimensional submanifolds L in R"*™
which are solutions of the equation H# = 0, i.e. H|; 2 = 0. The Euclidean metric
of R™™ is §,; with respect to cartesian coordinates, hence all I'’s are zero. The local
form of the equation of minimal n-dimensional submanifolds in R"*™ can be obtained
by (6). For instance, in the case n = 2 and m = 1 we have

o (1 +uZ uguy, )
g 1 2 )
Uy, + u;
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and H? = hH Ni/||Ny||, where hfl is the scalar mean curvature whose coordinate
expression is

i 1(1 + uz)um — U Uy Uy + (1 + u2)uy,
2 (1 +u2 +u2)3/? ‘

Then the local representation of the equation of minimal surfaces of R? is
(8) (1+ uz)um — U Uy Uy + (1 + ui)uyy = 0.

The equation of totally geodesic submanifolds of R is

(9) Upy = Ugy = Uy, = 0.

Also, we note that the Gaussian curvature G¥ has the coordinate expression

2
Yy

(14+u2 + uz)Q

Uz Uy — U

(10) G =

Eq. (8) is globally the union of the 3 zero sets of H (or, equivalently, h) in J?(R3,2)
each of which is obtained in a cartesian coordinate set by cycling the dependent variable.
This means that one should consider the zero sets also in the charts (z, u, y) and (u, x,y)
and glue them into the submanifold (H*)~1(0).

To compute the expression of the equation of minimal n-dimensional submanifolds
in R™™ we need (¢gf)~!, for which we do not have a general expression. Anyway,
it seems to us to be reasonable to conjecture that the only point symmetries of the
minimal submanifold equation in R are isometries and homotheties (or dilatations,
i.e., homogeneous scalings of the coordinates). In view of theorem 5, we infer that
possible candidates of Lie remarkable minimal submanifold equations are characterized
by having dimension less than or equal to the dimension of the Lie algebra generated by
infinitesimal isometries and homotheties.

13 Lemma. Let d be the dimension of the equation of minimal n-dimensional subman-
ifolds in R™™™  with n > 2, m > 1. Let i be the dimension of the Lie algebra generated
by infinitesimal isometries and homotheties in R"*™. Then,

1. the only integer solutions* of the equation d =i are (n,m) = (2,1) and (n,m) =
(2,4);

2. if n = 2 the inequality d > i holds for m =2, m = 3.
3. if m =1 the inequality d > i holds for n > 2.

Proof. From (1) we have d = dim J2(E,n)—m = n+m("}?)—m, where m is the number
of dependent variables and coincides with the number of components of H*. Moreover,
i=1/2(n+m)(n+m+ 1)+ 1. A direct computation proves the statements. O

2G. Lo Faro, private communication.

12



14 Theorem. The equation of minimal surfaces in R* and R® is nor strongly neither
weakly Lie remarkable, whereas it is weakly Lie remarkable in R3 and RS, provided we
remove a singular equation.

Proof. The point symmetries of the equation of minimal surfaces in R?, R*, R® and R®
are the isometries and homotheties. Then the first part of the theorem follows in view
of the above lemma and of theorem 5. In fact, we have that if n = m = 2 then d = 12
and ¢ = 11, while if n = 2, m = 3 then d = 17 and ¢ = 16. Now, let us consider the
case of R?. Eq. (8) admits a 7-parameter group of point symmetries whose Lie algebra
is spanned by the vector fields

9, 0 0
1 = = = Ty = — Sy = —
( a’) 1 8:{,’7 2 ay? 3 au7
0 0 0 0 0 0
1 S, = Yo — g B = U — p—, Hp= U — g
(11b) T Yo xay’ 5T %% Tou T° “ay You
0 0 0
1 A

The second order prolonged vector fields give rise to a distribution of rank 7 on the
whole jet space provided that we exclude the 6-dimensional submanifold of J?(R?,2)
locally described by the system

2 _ 2 _
(12) { (1+ ug)um (14 u2)u,, =0,
(14 )ty — Ugtiytiy, = 0,

where the rank is less or equal to 6.
The above submanifold intersects (8) in (9). We note that on (9) the rank reduces
to 5. Furthermore, the equation of vanishing Gaussian curvature (see (10))

(13) UgaUyy — Uz = 0

admits symmetries (11) and intersects Eq. (8) in Eq. (9).
Thus, according to theorem 6, the theorem follows in the case of R3. Similar rea-
sonings and computations lead to the proof in the case of R®, then we omit it. O]

15 Remark. The unique second order differential invariant of (11) is

((1 + uf/)um — Uy, + (1 + ufg)uyy)2

I =
(1 + u2 + u2) (Ugatyy — uZ,)

?

which can be expressed as the ratio I = (2h)?/GH.

Therefore, it follows that the most general second order scalar partial DE invariant
by (11) must be given as A(I) = 0.

We note that:

e the system {h" = G# = 0} reduces to Eq. (9).

13



e the system {h" =0, G # 0}, that is [ = 0, is Eq. (8).

e the system {h¥ #£ 0, G = 0}, that is 1/I = 0, is Eq. (13).

According to proposition 10, the above equations result weakly Lie remarkable. Also,
we note that Eq. (13) is of Monge-Ampere type. Its Lie remarkability will be considered
in theorem 16.

4.2 Geodesic equation on surfaces

As a particular case of equation of totally geodesic submanifolds, we have the equation of
geodesics in a (m+1)-dimensional Riemannian manifolds F. In a local chart (z,u,u’,)
of J*(FE, 1) it has the form

(14) ’LLZI + Foho + QUiFQh]’ + u;uifzhj — UZ(FOOQ + QU;FOOJ' + U;U;FZOJ) =0.

This equation plays a key role in the discussion of projectively equivalent connections
[25]. In fact, point symmetries of Eq. (14) are the projective vector fields of the manifold
E, and conversely. We shall analyze the case m = 1; we show that its invariant solutions
behave as predicted by theorem 12.

16 Theorem. Let E be a complete simply connected Riemannian 2-dimensional man-
ifold. Then Eq. (14) is strongly Lie remarkable if and only if E has constant Gaussian
curvature. Furthermore, it is locally isomorphic to the group of isometries of E.

Proof. Let us suppose that Eq. (14) is strongly Lie remarkable. Then, taking into
consideration that dim€& = 3, in view of theorem 5, we conclude that E must have
constant Gaussian curvature. In fact, a classical result of projective geometry stays that
the dimension of the algebra of projective vector fields on a 2-dimensional Riemannian
manifold can be 1,2, 3, or 8, where the maximal dimension is attained just in the case
of constant Gaussian curvature (see for instance [21, 22]).

Now let us suppose that E has constant Gaussian curvature. Then, due to well-
known results of Riemannian geometry, F is isometric to either the Euclidean plane, or
the sphere, or the hyperbolic plane, depending on the sign of the Gaussian curvature. In
the table below we show as, in these cases, the 8-dimensional algebra of point symmetries

14



is realized as vector fields on E:

dz? + du? dz? + sin?(z)du? - (da? + du?)
= s O Oz
= O — cos(u)0; + cot(x) sin(u)d, 20y + udy,
=3 | 20, — ud, sin(u)d, + cot(x) cos(u)d, (22 — u?)0, + 27ud,
=4 20y sin(2z)0, 2z(2* + u?)0, + #&J
Zs ud, sin?(z) cos ()0, —(32% +u?)d, + 29,
=6 0, sin®(z) sin(u)d, Z0u
=7 | zud, + u?0, —wﬁm + sin(2u)0, %&L
=g | 220, + xud, wa@ + cos(2u)d, %&L

We see that in these three cases we have that the algebra of point symmetries spans a
distribution of rank 4 on the whole jet spaces except for the equation under considera-
tion. Then the theorem follows in view of theorem 7.

The second part of the theorem follows taking into account that =;,=Z, and =3
form a basis of the Lie algebra of local isometries of the corresponding metrics. Since
the prolongations span a distribution of rank 3 on the equation, by using the same
arguments after Eq. (9), the assertion is proved in view of theorem 9. O

17 Remark. Actually, in the case in which the Lie algebra of point symmetries of
equation (14), for m = 1, is 8-dimensional, then the equation is point equivalent to
Yz« = 0. Then the Lie remarkability in the case of constant curvature could be reduced
to study the equation y,, = 0.

It could be interesting to see when an equation of type (17t)71(0) (see (5)) satisfies
the hypotheses of theorems 11 and 12. A first step in this direction is given by the
previous theorem. In fact, in the hypotheses of the theorem, Eq. (14) is strongly (and
then weakly) Lie remarkable, and invariant solutions always exist. Actually, we can
assume weaker hypotheses (for instance, to work in the case when there are only three
point symmetries), and to see if we get a weakly Lie remarkable equation. This will be
the object of a future work.

18 Proposition.

o The geodesic equation on R? is diffeomorphic to the group of isometries of R2.
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e The geodesic equation on S* is diffeomorphic to the connected component of the
identity of the group of isometries of S?.

Proof. We have J'(R? 1) ~ R?x S! and J'(S5?,1) ~ SO(3), and the geodesic equations
are diffeomorphic to the respective first jet spaces (see also the proof of theorem 11). [

5 Lie remarkability of Monge—Ampeére equations

In this section we apply our results to Monge-Ampere equations of various order. Since
we deal with local point symmetries of these equations, as we are interested at the
moment to local aspects, we will interpret them as submanifolds of jets of a trivial
bundle R* x R — R2  See [23] for a geometric treatment of second-order Monge -
Ampere equations.

5.1 Second order Monge-Ampere equation

In 1968 Boillat [8] discovered a remarkable characterization of the celebrated Monge—
Ampere equation [45]. In fact, he proved that the most general scalar second order
partial DE for the unknown u(x, y), assumed to be hyperbolic (so one of the independent
variables has the meaning of time), having the property of complete exceptionality
[7, 20], is given as a linear combination of all minors extracted from the Hessian matrix
with coefficients depending on the independent variables x and y, the dependent variable
u and first order derivatives u, and u,, that is

(15) K (U Uyy — uiy) + Kollgy + K3lyy + Kally, + K5 = 0,

where k; = k;(z,y,u, uz, uy) (i =1,...,5) are arbitrary functions.

The complete exceptionality requirement allowed to derive Monge—Ampere equa-
tions for the unknown u depending on three independent variables [41], on four in-
dependent variables [14], and on arbitrary number of independent variables [9]: all
these equations share the property of being given as linear combinations of all mi-
nors extracted from the Hessian matrix with coefficients depending on the independent
variables, the dependent variable v and first order derivatives.

Also, Boillat [10], by using once again the criterion of complete exceptionality, de-
rived the partial DEs of higher order and called them higher order Monge-Ampere
equations: all these equations are given as a linear combination of all minors extracted
from suitable Hankel matrices built with the higher order derivatives.

Now, let us restrict ourselves to consider Eq. (15) in the case in which the coefficients
k; are constant (in particular we assume k; # 0 in order to have a nonlinear equation).

Through the substitution u — u + a1z* + ey + azy?®, where ay = —ky/2k,
g = K3/2K1, az = —ke/2k1, Eq. (15) is mapped to

(16) Ugp Uy — U

ay — s

where k = (4koky — 4k1Kks — K3)/4K3.
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If K = 0 we have the homogeneous Monge-Ampere equation for the surface u(z,y)
with zero Gaussian curvature.

19 Theorem. FEq. (16) is weakly Lie remarkable if k # 0, whereas it is strongly Lie
remarkable if k = 0.

Proof. 1f k # 0, then Eq. (16) admits a 9—parameter group of point symmetries whose
Lie algebra is spanned by the vector fields

_ 0 - 0 - 0
(17a) =1 = S So = 8_y’ 23 = ou’
_ 0 - 0 - 0
(17b) H4_xa_y7 Ii5_ya_x7 ‘—'G_xau7
== You = o ou’ Hg_yay ou’

The second order prolonged vector fields give rise to a distribution of rank 7 on
the whole jet space provided that we exclude the 5-dimensional submanifold locally
described by (9) where the rank reduces to 5. We note that (9) is not a submanifold
of (16), then the above second order vector fields give rise to a distribution on Eq. (16)
of rank 7. Thus, according to theorem 6, Eq. (16) results weakly Lie remarkable.

On the contrary, if kK = 0, Eq. (16) admits a 15—parameter group of point symmetries
whose Lie algebra is spanned by the vector fields

(18) 9 a2 a2 a x£+ ﬁ—kuﬁ
90’ 9’ ab’ or Yoy “ou)

Va,be {zx,y,u}.

In this case, the second order prolonged vector fields give rise to a distribution of
rank 8 on the whole jet space provided that we exclude the 7-dimensional submanifold
locally described by the equation (13), where the rank reduces to 7, provided we exclude
the 5-dimensional submanifold of (13) locally described by (9), where the rank reduces
to 5. Thus, according to theorem 7, Eq. (13) results strongly Lie remarkable. O

There are various 7-dimensional Lie subalgebras of the 9-dimensional Lie algebra of
the symmetries of Eq. (13) whose second order prolonged vector fields give rise to a
distribution of rank 7. For instance, we can consider the subalgebra whose generators
are {21, Z9, 23,24, 56, 27, Zg }. Then, in view of theorem 9, this equation has the struc-
ture of a local Lie group diffeomorphic to a local subgroup of the group of its point
symmetries.

Moreover, it is natural to ask if among the 15-dimensional algebra of point symme-
tries of (13) it is possible to extract some subalgebra with respect to Eq. (13) is still
strongly Lie remarkable. In fact, in view of theorems 5 and 7, it could be sufficient
an 8-dimensional Lie subalgebra. We see that there are many 8-dimensional Lie sub-
algebras whose second order prolonged vector fields generate a distribution of rank 8
(provided we exclude, of course, Eq. (13)), even if we confine ourselves to consider the

17



8-dimensional subalgebras spanned by subsets containing 8 elements chosen in the set
of basic vector fields given by (18). Here we quote the Lie subalgebra spanned by the
operators

9o 6 o o6 o6 90 0 9
ox’ 0Oy’ Ou = Ox’ yay’ ou oy T ou

20 Remark. In [38] the author showed that the dimension of the subalgebra of the
algebra of point symmetries of Eq. (13) which determines this equation has to be at
least 8, which we can easily obtain from theorem 5. Furthermore, in [38, 39, 40] it is
claimed that the 6-dimensional subalgebra

0 0 0 0 0 0

%, a—y, %, CU%, l’a—y, l’%

characterizes completely Eq. (13) provided we restrict our attention to fully symmetric
systems. This last requirement is essential as the previous symmetries can not determine
Eq. (13) in view of theorem 5. For instance, the equation A(uy, u,,) = 0 where A is an
arbitrary smooth function, admits the same 6-dimensional Lie subalgebra.

21 Remark. We observe that I = ug,u,, — ugy is a second order differential invariant
of (17), and then, in view of Lie remarkability, it is unique up to functional dependence.
Therefore it follows that the most general second order scalar partial DE invariant
by (17) must be given as A(]) = 0, where A is an arbitrary function of the invariant.
For instance, I = k, with x € R, results again a weakly Lie remarkable in view of
proposition 10.

5.2 Third order Monge-Ampere equation

The third order Monge-Ampere equation [10, 15] in two independent variables is built
by starting with the Hankel matrix

U U u
H3 _ ux:ca; u:c:r;y ua:yy
TTY Yy yyy

and taking a linear combination (with coefficients depending on independent variables,
dependent variable and derivatives up to the order 2) of all minors extracted from the
matrix Hs:

2 2
(19) K1 (U Uyyy — u:cyy) + Ko (UazaUyyy — UzayUayy) T K3 (UozsUayy — u:c:cy)
+ Kallgzy + K5Uzey + KeUzyy + K7llyyy + kg = 0.
By limiting ourselves to consider the coefficients x; (i = 1,...,8) to be constant and

using the substitution u — u + a2 + axx®y + aszry? + asy®, with suitable coefficients
a; (1 =1,...,4), we are led to the equation

(20) K1 (UayUyyy — uiyy) + K2 (UazaUyyy — UzayUayy) T K3 (UozsUayy — u?ca:y) +r =0,
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where k is constant.

In general, this equation admits a 10-dimensional Lie algebra of point symmetries;
since the dimension of the jet space is 12 it follows (see theorem 5) that Eq. (20) is
neither strongly nor weakly Lie remarkable.

An interesting case of Eq. (20) is obtained by choosing x; = k32/k3, whereupon
Eq. (20) becomes

(21) (U Uy — uiyy) + MUz Uyyy — UgayUzyy) + /\2(Ummumyy - uixy) +p=0
with A = k3/Ks, t = kk3/k3. In such a case the following theorem holds true.
22 Theorem. Eq. (21) is weakly Lie remarkable (provided we remove a singular subset).

Proof. The Lie algebra of the admitted point symmetries of Eq. (21) is infinite-dimen-
sional and is spanned by the vector fields

(22a)
= _9 = _90 = _ 90
=1 o H2_8y’ = o’
(22Db)
0 0 0 0 0 0 0
2= (2 — Ay)— T = (2 - A\Y)— — Mu—, Eg= A
1= = M)grtugn S= = M)ge =g, S =g tyg 4 2ugs,
(22¢)
— 0 _ 0 _ e,
:7—35%, :8—11%7 =9 =X %,
(22d)
- 0 - 5,0 - 0
ulo—xyay 11 =Y %7 ~12—F($—)\y)au,

where F' is an arbitrary function of the indicated combination of z and y.

If F" # 0 (where the ' denotes the differentiation with respect to the argument),
the corresponding third order prolonged vector fields give rise to a distribution of rank
11 on the whole jet space, provided that we exclude:

e The 11-dimensional submanifold locally described by the equation

N Uyrr + 3)\2umy + 3N Ugyy + Uyyy = 0,

e The 10-dimensional submanifolds locally described by the following systems:

223U — 3N Ugyy — Uyyy = 0,

2 _
AN Uggg — Mgy — 2Ugyy = 0.

19



It remains to remove from equation (21) the points lying in the above submanifolds.
By excluding the operator =5, and taking F'(z — Ay) = (z — A\y)? in (22), we have

a l1-dimensional Lie subalgebra whose vector fields prolonged up to the third order

generate a distribution of rank 11. O]

23 Remark. By following the reasoning of remarks 15 and 21, we see that the unique
third order differential invariant of (21), up to functional dependence, is

(24) I — (uttzu:pxx - u?;m;) + )\(utttu:r:pm - utt:putzx) + /\2 (utttutxx - u?tx)

5.3 Fourth order Monge-Ampere equation

Finally, let us consider the fourth order Monge-Ampere equation [10] in two independent
variables; it is built by starting with the Hankel matrix

Ugzrr Ugzey Uzzyy
H4 = Ugzry Uzaxyy Uzyyy

Ugzyy  Uzyyy Uyyyy

and taking a linear combination (with coefficients depending on independent variables,
dependent variable and derivatives up to the order 3) of all minors (including the
determinant of Hy) extracted from the matrix Hy:

(25) Ky det(Hy) + ko det(HD) + kg det(H) + rq det(HY)
+ K5 det(Hf’Z)) + K det(Hf’?’)) + Ky det(HiBB))

+ K§Uzgzr + RoUggzy + R10Ugzzyy + R11Ugzyyy + R12Uyyyy + K13 = Oa

where H. f’j ) denotes the 2 x 2 matrix obtained by removing from H, the i-th row and

the j-th column. By limiting ourselves to consider the coefficients x; (i = 1,...,13) to
be constant and using the substitution v — u + a12* + as2®y + asz*y? + aszy® + asy?,
with suitable coefficients a; (i =1,...,5), we are led to the equation

(26) ki det(Hy) + ko det(HY) + kg det(HS?) 4 k4 det(HY)
+ ks det(HP?) + kg det(H) + k7 det(HP) + 1 = 0,

where k is constant.

The Lie algebra of point symmetries of Eq. (26) is 13-dimensional; since Eq. (26)
defines in the jet space a submanifold of dimension 17, in general Eq. (26) is neither
strongly nor weakly Lie remarkable (see theorem 5). Nevertheless, if we consider the
special case det(H,) = 0, then the following theorem holds true.

24 Theorem. The equation
(27) det(Hy) =0,
is weakly Lie remarkable (provided we remove a singular subset).
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Proof. The Lie algebra of the admitted point symmetries of Eq. (27) is 19-dimensional
and is spanned by the vector fields

(28a)
(28b)
(28¢)
(28d)
(28¢)

(28f)

(28g)

e — a [ — 8 [ — a
1= ~2—a—y, =37 0
_ 0 _ 0 L0
Sy = 0 :5298—7 =6 = & o’
_ B 0 N
:7—$ya—» =8 =Y ou =9 = X o’
=10 $2y88 ) =11 = a?y28%, S = y?’ai,
— 0 0 0
:13—$$, “14—3/%, 15 :mﬁ_y’
- 0 _ 0

:lﬁ_ya_yu :17_u%,

Eg=2 (a;a— + e + 3ua—) , 219 =19 (xa— + You + 3ua—>

The corresponding fourth order prolonged vector fields give rise to a distribution
of rank 16 on the whole jet space, provided that we exclude the points of the singular
subset, i.e. the solutions of the following systems:

(29a)

(29b)

(29¢)

(29d)
(29e)
(29f)

(29g)

|
|
|
|
|

{

1/2 3/2
UgzasUayyy + 2Uxmzy = O,

1/2 32
UyyyyUzzzy + 2Uzyyy = 0,

1/2 _ 0.
u:c:cyy + (uxxxyu:cyyy) / - 07

1/2 3/2
UgzzzUzyyy T Uzzey = =0,

1/2 3/2
UyyyyUzzry T Uzyyy —1 (;7
Uzgyy + (Umwyuryyy> 2 = 0;
1/2 3/2
UprraUzyyy — 2u Ugzzy = O
1/2 3/2
UyyyyUzzzy — 2Uzyyy = 0,

172 _ q.
Ugayy — (UzzeyUayyy) /2 = 0;

2 2 1/2 _
2ummumyyy SUgzayUszyy Uzyyy + umry“xyyy(gumyy 8u17”§ry“xyyy) =0,
Uy Uyyyy + 3laayyUayyy — uwyyy(gumyy 8Ugziey Usyyy) > = 0;

2 2 1/2 _
2ummuzyyy Uy UzzyyUayyy — umwzyuryyy(gumyy 8uaszyuﬂcyyy) =0,

B 172 _ (.
Uy Uyyyy — SlazyyUzyyy — Usyyy (gumyy 8Ummyuwyyy) =0;

3/2 _
uzx umwyumyyy) - 07
2
X

uﬂf$$$ua§yyy + 2u:vxyy 3uxxxyuxxyyuxyyy —2

2
uyyyy“xmy + Qu:m:yy Uy Urayy Uayyy + 2(U zyy — UzzzyUzyyy

u:c:(:xxu guzxxyuzxyyuxyyy + 2(u

TYyy + 2u3?xyy

2 3/2 _
TTYY ua::ca:yuxyyy) - 07
2

UyyyyUgpzy T 2umyy Sy Uzwyy Uayyy — 2(Us )

3/2 _ (.
zyy — UzzzyUzyyy =0;

It remains to remove from the equation (27) the points fulfilling one of the above systems
of equations.

21



Finally, it is worth of noticing that the vector fields {=, ..., =16} span a 16-dimen-

sional Lie subalgebra whose fourth order prolongations provide a distribution of rank
16. O

25 Remark. Again, by following the reasoning of remarks 15 and 21, we see that the
unique fourth order differential invariant of (27), up to functional dependence, is

2 3 2
(30) [ = Ugtte (uttx:cua:mcx - utzxx) + 2uttta:utt:r:a:utxxx - utmg; - utttwuxx:c:r;-
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