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Abstract

We introduce the general concept of higher order absolute con-
tact differentiation that is based on the idea of semiholonomic contact
elements. We clarify how the moving frame method leads to the co-
ordinate functions of the field of r-th order contact elements on a
submanifold of Klein space and of the r-th absolute contact differen-
tial of a submanifold of Cartan space. We point out that the standard
geometric objects of submanifolds are defined on contact elements,
so that they are of universal character. In examples, we use heavily
the concept of universal horizontal and vertical bundle over contact
elements.
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Introduction

The present paper was initiated by a conference talk by the second author
on the contact element approach to geometric objects of submanifolds of
Riemannian manifolds, [24]. Generally speaking, he pointed out that these
objects are of universal character. Indeed, they are defined on the bundles of
contact (n,r)-elements, so that they can be applied to every n-submanifold
and are independent of its parametrization. This fact was also observed
by the first author for submanifolds of Klein spaces in connection with the
Cartan method of moving frames, [14], as well as for submanifolds of Cartan
spaces, [13]. (We replace the term “Cartan geometry” from [22] by “Cartan
space”, see Section 3 for justification.)

In the course of the present research we realized that our approach to sub-
manifolds of Cartan spaces is essentially based on the ideas of semiholonomic
contact element and absolute contact differentiation. So, in the present paper
we start with basic properties of nonholonomic and semiholonomic contact
elements. In Section 2 we introduce the general concept of r-th order ab-
solute contact differentiation, that leads to semiholonomic contact elements.
Section 3 is devoted to two equivalent definitions of Cartan space. The in-
terrelations between both points of view are essential for our research.

In Section 4 we recall, in the case of an arbitrary Klein space S = G/H,
how the moving frame approach leads to the coordinate functions of the field
of r-th order contact elements determined by a submanifold N C S. Then we
present the general concept of r-th order geometric object for n-submanifolds
of S that is motivated by the computational procedures related with the
Cartan method of moving frames from [17]. We also clarify that the Cartan
prolongation procedure leads to the equations of the infinitesimal action of
H on the standard fiber of the bundle of contact (n,r)-elements on S, that
can be used for evaluating the geometric objects. In Section 5 we modify
these ideas to submanifolds of a Cartan space S of type S. This is based on
the concept of semiholonomic (n,r)-object. In Section 6, Proposition 8 reads
that if § is torsion-free, then the values of the second order absolute contact
differentiation are holonomic. In particular, this is true for the submanifolds
of a Riemannian manifold, that is considered as a Cartan space with respect
to the Levi-Civita connection.
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In Section 7 we define the universal horizontal and vertical bundles for
n-submanifolds. As an example, we discuss the universal version of the fun-
damental vertical-valued quadratic form for submanifolds of affine spaces. In
Section 8 we introduce the concept of reduced torsion and clarify that its
universal version coincides with the difference tensor of second order semi-
holonomic contact elements. This yields another proof of Proposition 8.
At this occasion we also illustrate the use of the algorithm from Section 5.
Further we point out that in the case of a 2-submanifold of a 3-space with
projective connection, the reduced torsion gives rise to an invariant discov-
ered already by E. Cartan in [4]. In the last section, we extend the idea of
universality to a wide class of geometric objects for submanifolds.

All manifolds and maps are assumed to be infinitely differentiable. Unless
otherwise specified, we use the terminology and notation from [16].

1 Semiholonomic contact elements

The bundle of contact (n,r)-elements K] M on a manifold M can be defined
as the factor space

(1) K, M =regT) M/G), n<m=dmM

of the space of regular (n,r)-velocities on M with respect to the right ac-
tion, determined by the jet composition, of the r-th differential group G, in
dimension n, [16]. So every n-submanifold N C M defines a contact (n,7)-
element kI N for every x € N. This gives rise to a map kiy: N — K] M,
that can be viewed as a section of the restriction (K] M)y of K] M over N.
We write k: regT)M — K M for the factor projection and denote by the
same symbol the induced map k: reg J"(N, M) — K] M. We remark that
these classical contact elements are also discussed by P.J. Olver, [20], and
are called jets of submanifolds in [1].

We extend the idea of nonholonomic and semiholonomic jets by C. Ehres-
mann [5, p. 361] to contact elements. To this aim, we recall the definition
of jet prolongations of fibered manifolds, [15]. Let p: Y — M be a fibered
manifold and J"Y denote the bundle of standard (holonomic) r-jets of local
sections of Y. The r-th nonholonomic jet prolongation J'Y is defined by
the induction J'Y = J'Y, J'Y = JYJ"~'Y — M). The r-th semiholo-
nomic jet prolongation J"Y is defined by induction as the space of first-order
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jets jls of local sections s of J™"'Y — M such that s(x) = j1(B,_1 o s),
where f,_1: J77'Y — J"72Y is defined in the induction procedure with
JYY = J'Y — Y. We have the inclusions J'Y C J'Y C J'Y. The first one
is given by the iteration j’s +— jl(u > j7~1s), the second one is straightfor-
ward. If p: Y = M x N — M is the first product projection, then we set
J(M,N)=J (M x N) and J'(M,N) = J (M x N).

Definition 1. The space f(};]\{[ of nonholonomic contact (n,7)-elements on
M is defined by the iteration K'M = K} K'='M), K}M = K M.

~ Hence K'M — K'™'M is a fibered manifold. The injection KM
K] M is determined by the rule

KN o B (k). X =K,

where k! is interpreted as a submanifold of K7~'M C KI~'M.

We are going to clarify up to what extent the manifold of nonholonomic
contact elements can be regarded as a quotient manifold analogously to (1).
To this aim, we recall the definition of composition of nonholonomic jets [5],
[15]. Let M, N, @ be three manifolds. For r = 1 we have the standard
composition of 1-jets in J*(NN, Q) with 1-jets in J*(M, N), yielding 1-jets in
JYM,Q). If B: J*=Y(M,N) — N is the target jet projection, X = jls(u) €
JI(M,N),, u€ M, and Z = g0 € j;(N, Q)., y = P(s(z)), then we define

ZoX = jy(a(B(s(u))) 0 s(u) € J;(M, Q)

with the composition of nonholonomic (r — 1)-jets on the right hand side.
We say that X € J7(M, N), is regular, if there exists Z € j;(N, M), such
that Z o X = j7idjs. There are r underlying 1-jets of X and X is regular iff
all of them correspond to injective linear maps T, M — T, N.

We define 77 M = J;(R", M). This is extended into a bundle functor 77
on M f in the standard way, [5]. A natural equivalence of functors

o ToM — TH(T M)
is defined as follows. Every X € T""M is of the form X = jl¢, where ¢: R" —

J YR M) is a section of the source projection J Y (R™, M) — R”. On the
other hand, Z € T}(TF~*M) means Z = jl¢ with ¢: R — J;~HR™ M).
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Write ¢,: R" — R™ for the translation  —  +u. Then u — (p(u) o jj~'t,)
is a map R — J5~1(R”, M) and we set

pan(X) = Jg ((u) 0 jg~'tu).-
To obtain the inverse map, we consider u +— 1 (u) o 571t 1. Then we have
(1a) " (2) = Jo (b(u) 0y~ H5).

One verifies easily that p;, maps reg 7" M into reg T (reg T "' M).

On every fibered manifold p: Y — M, a contact element X € K'Y is said
to be transversal, if the underlying linear n-space of X has zero intersection
with the vertical tangent space of Y. We write tr K}Y C K!Y for the
subset of all transversal contact (n, 1)-elements on Y. This is an open subset
of KV and tr K!Y — Y is a fibered manifold. For r > 2, the bundle
tr KM C K?M of nonholonomic transversal contact (n,r)-elements on M
is defined by the iteration

tr KTM = tr K} (tr K2 7'M — M).

We recall that @2 = reg Jg (R™,R™)g is a group with respect to the composi-
tion of nonholonomic jets.

Proposition 1. We have

(2) tr K7 M = reg TT’;M/C;’;

We write k: reg T,’;M — tr f(;M for the factor projection.

Proof. Assume by induction tr KI~'M = reg T/ M /G77'. So we have
defined k: regT)'M — trK,7'M. Consider X € regT}(regT) ' M),
X = jip(u), ¢: R" — T""'M. Then u — k(p(u)) is the parametriza-

tion of an n-dimensional submanifold of tr Kr—'M that is transversal to
tr KI"'M — M. Hence we have k(jé(k(go(u)))) € tr K M. Consider an-

other 1(v): R® — T7~1M such that k(jik(¥(v))) = k(jik(p(u))). First of
all, there is a map v = f(u) such that

Jok(W(f(w)) = jok(p(w)).

By the induction hypothesis, there is a map g: R™" — C:’:;l such that w(f(u))o
g(u) = @(u). We have jjf € G}, and jog € T,G;~" and our construction is
in accordance with the well known expression G” = G x T!G7=1 [16]. O
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Definition 2. The bundle of semiholonomic contact (n,r)-elements KM C
K" M is the subset of all k%@ such that Q ¢ K'"'M, X = kérfl(X) (8-1(Q)),
where 3,_1: K""'M — K'=2M is defined in the induction procedure starting
with the bundle projection KM — M.

We easily deduce K" M C tr KIM and KZM C K'M. Analogously to
Proposition 1, we obtain

(3) KM =regT/ M /G,

where G7 = reg Jj(R", R"), is a subgroup of C?Z The canonical projection
to lower order semiholonomic contact elements will be denoted by the same
symbol 7, s < r, as in the jet case.

The underlying contact (n,1)-element X; of X € (K'R™), is identified
with a linear n-space in T,R™. Write R™™~" for the product bundle R"™ x
R™™" and 7: R™ — R" for its bundle projection. Denote by 7K R™ C
K]R™ the open subset of all X such that X; is transversal to w. It is well
known that 7K7R™ is identified with the jet prolongation J"R™™" [16].

In the nonholonomic case X € f{ﬁRm, we have r underlying contact
(n, 1)-elements X\, ... X' Write 7 KTR™ C K"R™ for the open subset of
all X such that all X" ..., X! are transversal to 7.

Proposition 2. TIN(;’R’” 18 identified with the r-th nonholonomic prolonga-
tion JTR™™TT,
Proof. By Proposition 1, X € Tf(};Rm can be expressed as X = Z o é; with
Z € (regT'R™),. Write Z{l), cee ZY) for the underlying 1-velocities of Z.
Then jim o Zfl), o glmo ZY) are invertible 1-jets, so that ¢ := (jim) o Z €
Jg(R",R") is invertible. Then Z o (~* satisfies (jjm) o (Z o (") = j7 ) idgn,
which implies Z o (71 € J'R»™ ", O
In the semiholonomic case X € KI'R™, we have Xfl) == XY) =: Xi.
We write 7TK;R™ C K]R™ for the open subset of all X such that X, is

transversal to 7: R™ — R”. In the same way as in Proposition 2, we con-
struct an identification

(4) PRIR™ & JRMT,

where J"R™™ " denotes the r-th semiholonomic prolongation of R™™™". In
particular, for n = 1 we have K{M = K{M.
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2 The absolute contact differentiation

Consider a principal bundle P(M,G) with a principal connection I', a left
G-space F' and the associated bundle £ = P[F]. For every section s of F,
its absolute differential can be viewed as a section

VFSZ M — U le(M, Ex)s(:v)a

zeM

[16]. If T'(u) = jlp for a local section p of P, then (Vrs)(z) is transformed
by @' into

-1

(5) Pply) (sy) € MM, F), yeM,

where @: F' — FE, denotes the frame map corresponding to u € P (see also
the beginning of Section 4).

Having in mind submanifolds of Cartan spaces, we introduce the concept
of absolute contact differential. Replace M by N and assume n = dim N <
dim F. Clearly, all spaces K!(E,), z € N, form an associated bundle

U Ka(E.) = P[K,F].

Assume further that each Vrs(z) is a regular 1-jet.

Definition 3. The absolute contact differential KV of s is defined by
((kVr)s)(z) = k((Vrs)(z)), x € N.

Hence kVrs is a section N — P[K}F]. Since we have a section of another
bundle associated to P, we can construct

Vr((kVr)s): N = | JH(N, K(E,)).

This is formed by regular 1-jets and we define
(kVE)s)(x) = k(Vr((kVr)s)(@)).

One verifies easily that this is an element of K}(E,). Hence (kV{)s is a
section N — P[K2F].
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Definition 4. The r-th absolute contact differential of s is defined by the
iteration

(6) ((kVE)s)(x) = k(Vr((RVE)s) ().

By the very definition of semiholonomic contact (n,r)-elements, we de-
duce that (6) form a section

(kVi)s: N — P[K!F).

Remark 1. If I is curvature free, then P can be locally viewed as the product
N x G with the canonical flat connection. Then (5) implies that the values
of (kV].)s are holonomic contact elements for every section s: M — E.

3 Cartan spaces

We recall that a Klein space is a manifold S with a transitive left action
(g,x) — gz of a Lie group G. Fix a point ¢ € S and write H for its stability
group. Then S coincides with the coset space S = G/H, c = {H} and G can
be viewed as a principal H-bundle over S with bundle projection g — gc.
Every g € G(S, H) is interpreted as a frame g: S — S, g(a) = ga, a € S.

A “curved” version of S can be defined in two formally different ways.
First we present the viewpoint from the book by Sharpe, [22]. Consider a
pair (G, H) of a Lie group G and a closed subgroup H C G.

Definition 5a. Cartan geometry of type (G, H) is a principal bundle Q(M, H)
with 1-form w: TQ — g (which is said to be Cartan connection) such that

(i) w(u): T,Q — g is a linear isomorphism for every u € Q,
(ii) (Rp)*w = Ad(h™1) ow for every h € H,

(111) w(X*(u)) = X for every X € b and every u € @, where X* is the
fundamental vector field on ) induced by X.

We remark that, in addition to [22], further interesting examples of Car-
tan spaces can be found in [2] and [23].

In what follows we assume G acts effectively on the coset space G/H. So
S = G/H is a Klein space. Clearly, 7.5 = g/b.

On the other hand, consider P(M,G), F', E = P[F] as in Section 2 and
fix a section s: M — E. The following definition in [10] or [11] was based
directly on some ideas by Ehresmann, [5].
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Definition 5b. Space with Cartan connection of type (G, H) over M is a
quadruple S = S(M) = (P(M,G), I', E = P[G/H],s) such that dim M =
dim S and the absolute differential Vs is formed by reqular 1-jets.

We deduce that both concepts are naturally equivalent. In the case b), s
defines a reduction to subgroup H

Q= {u € P,u(c) = s(p(u))},

where p: P — M is the bundle projection. Write w for the restriction of the
connection form wr: TP — g to Q. Clearly, w: TQ) — g satisfies (ii) and
(iii) from Definition 5a.

Lemma 1. w satisfies (i), iff the 1-jets (Vrs)(x) are regular for all x € M.

Proof. The vertical tangent bundle VE is an associated bundle P[T'S]| and
Tu: TS — TE, is the induced frame map on VE. Consider X = dwd_(tm €
T.,M,~:R— M. Then

— —1

(Ta) " (Ves)(X)) = ],0((0) (s3(0)):

Since G acts transitively on S, we have

— —1

o(v(®) (s(¥(t)) =d(t)e,  6:R— G,

Write Z = %!Og(y(t))é(zﬁ) € T,Q. By the definition of the connection form,
we have

(Ta)" ((Vrs)(X)) =w(Z) + b € T.S.

These vectors are linearly independent for a basis of T,, M, iff w(u) is a linear
isomorphism. ]

Using Lemma 1 one easily verifies that Definitions 5a and 5b are equiv-
alent. In what follows, S(M) will be called a Cartan space and w will be
called its connection form.

Consider an n-submanifold N C M. If we restrict all objects in question
over N, we obtain

(PN7FN7EN7SN) :SN: (QN7WN)

Then we have the situation from Section 2. By induction we deduce that
(VT )sn)(z) depends on kLN only. Write S;, = (K},S). and S], = (K}S)..
Clearly, both S! and S] are H-spaces.
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Definition 6. The map
KM = QISI), LN = ((KVE, )sn) (@)
is called the formal absolute contact (n,r)-differentiation on §. The map
Dy = I oKyt N = QS]]
is said to be the r-th absolute contact differential of V.

If S is the Klein space G/H with the canonical flat connection, we have
Q[S;] = K, S. Then, by Remark 1, I}, is the identity of K7.S composed with
the injection KIS — K]S = Q[S}].

Remark 2. In [13], our investigation of the r-th absolute contact differen-
tial of N was based on Ehresmann’s idea of higher order prolongations of
connection I'. But (5) implies directly that both approaches coincide. So we
can use our results from [13] in what follows.

4 Submanifolds of Klein spaces

If N is a submanifold of Klein space S, we write Gy for the restriction of
principal bundle G(S, H) over N. Then kY, is a section N — Gy[S}], that is
sometimes called the fundamental r-th order field on N. It was pointed out
by G. F. Laptev, [17] (but in a computational form only), that a modification
of the Cartan method of moving frames leads to the coordinate functions of
kY.

In general, consider a principal G-bundle p: P — M, a left G-space F
and the associated bundle F = P[F| = P xg F. Every u € P,, x € M, is
interpreted as the frame map @: F — E,, u(a) = {u,a}, a € F. For every
section s: M — FE. the induced map

(7) P—F uw ﬂ_l(s(p(u)))

is said to be the frame form of s, [16]. If z* are some local coordinates on F
then the locally defined compositions of (7) with z* are called the coordinate
functions of s.

Further, every left action [: G x F' — F induces the infinitesimal action
A: gx F — TF. The Maurer-Cartan form ¢: TG — g yields an identification
G x g = TG. This defines an involutive distribution A on G x F',

Mg, 2) ={((9. X),MX,2)); X €9}, g€G,z€F,
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whose integral manifolds determine action [. If we consider some local co-
ordinates z* on F' and a basis of g, the coordinate expression of A is of the
form

dz* = ni(z)¢!, (eg, I=1,...,dimG.

Then the equations of A are

A" — ()’ =0, o= (")

They are usually called the equations of the infinitesimal action A of G on
F.

The elements of Gy are said to be zero order frames of N. They are
characterized by the property that the image g(c) of ¢ € S under the frame
map ¢ lies in N. So the frame form of £} is a map Gy — S]. Consider the
canonical coordinates

', 2f, i=1,....n, p=n+1,....m

on R™™~". The induced coordinates on the r-th jet prolongation J"R™™~"
are

D p
i - Ty i

b x
Choose a local coordinate system z?, 2 on S centered at c¢. This identifies
locally S; with JJR™™~". We write
(8) (af,a’;j,...,aflmir): Gy — S)
for the locally defined coordinate functions of section kj of G n[S]].

The algorithm for finding (8) by the Cartan-like procedure from [17] is
described in [14]. This general approach is based on the use of zero order
frames of N. However, the evaluations in zero order frames are top-heavy
because of the nontrivial topological character of the classical Grassmann
manifolds. Thus, in practice one always uses the first order frames of N. So,
also here we restrict ourselves to the first order frames.

Assume that H acts transitively on S}, which is satisfied for all classical
Klein spaces. Choose a point ¢, € St write H, for its stability group and
S, for the fiber of S” — S} over ¢,. Clearly, S’ is an Hj-space. A frame
g € Gy is said to be first order frame of N, if §(¢,) = T,.N. Clearly, the
space Gy of all first order frames of NV is a principal bundle Gy (N, Hy).
If we restrict ourselves to the first order frames, the frame form of £}, is a
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map Gyi — S);. Assume further that the equations of ¢, are dz? = 0. In
other words, the jet coordinates of ¢, are ¥ = 0. So the first order frames
of N are characterized by a? = 0. The induced global coordinates on S”;
are xj;, ..., vy , . If we interpret k} as a section of the associated bundle

Gn1[Sh1), then its coordinate functions

(afj, coal )Gy = Sy
are globally defined.

The simpliest algorithm appears in the case there exists an Abelian sub-
group K C G such that g is the product € x . (But all classical Klein spaces
have this property. For example, if A,, is an m-dimensional affine space,
we have G = GA(m), H = GL(m) and K = R™ C GA(m) is the Abelian
subgroup of all translations on A,,.) We choose a basis of g

€as €0, a,f=1,....m, \,u,v=m-+1,...,dimG

such that ey lie in  and e, is a basis of ¢.
This assumption is equivalent to the following relations on the structure
constants of G

(9) 3, =0, =0, o, =0

«

Hence the coordinate form of the structure equations dy + 1[p, ¢] = 0 of ¢
is

dSpa = C())\[ﬂgpﬂ A @Av

(10) N ,
do* = ) 0" A o™ — b0 AV

We shall write 7% for the restriction of ¢* to H. The bundle projection
G — S identifies locally K with S. So the basis e, defines local coordinates
z® on S, with (z%) = (a, zP).

In what follows we shall write ¢ for the restriction py; of ¢ to Gnq, as
usual in concrete investigations. So our starting point are the equations

o’ = 0.
If we substitute them into (10), we obtain

0=\ A
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Using the Cartan lemma, we find
(11) e —d, =,

where afj are some functions on Gy.
In [14], we deduced

Proposition 3. afj coincide with the coordinate functions of k3 on Gy.
In particular, (11) implies that the differential equations of H; are
At = 0.

Now we apply exterior differentiation to (11). Using the structure equa-
tions, we obtain an expression of the form

(12) [dafj - q)Zx(aZl)SDA] A’ = 0.
If we apply Cartan lemma to (12), we obtain
dafj - q)%A(a%z)SO/\ = aZkSOk'
(We shall see that a’fjk are the additional coordinate functions of k%, on Gy.)
This procedure can be iterated. Assume by induction that after r-3 steps
we have the equations of the infinitesimal action of H; on S’

D D 4\ A _
dxij - (I)ij,\(xkl)” =0,

— PP

p
d:C 01 dp—2A

11 lr—2

with f,7* = 0, and it holds

($Zl7 tet 7x?1‘..jr,2)71-)\ = O

A_ P J
C%\SO = ;%7

D &P q q A_ P J
dail---ir72 (I)i1---ir—2>\(aj1j2’ T ’aj1---jr72)80 = @Gy ipgf P

If we apply exterior differentiation to the last row and use all these equations,
we obtain certain relations of the form

[da? — @7 i m(ad .. al ) At = 0.

1.0 —ok i1... j172°? ) g1 dr—1

In [14], we deduced
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Proposition 4. The additional equations of the infinitesimal action of H,
r—1
on S;;" are

p _FP q q A . A
daf ;| (I)il...z‘rfy\(lejzv . 7“"j1...jr71)7T =0 with &7 =0.

The additional coordinate functions af, ,; of kiy on Gy satisfy

da;z?l...ir,l - (I)fl..j,.,l,\<a?1j2a e >a?1...jr,1)90/\ = afl...molr'

The Cartan method of moving frames is usually used for finding differen-

tial invariants of N C S and for solving the equivalence problem for N. The

fact that the above procedure yields the equations of the infinitesimal action

of Hy on ST, was used in [17] for local computations of the geometric objects

of N. Our analysis of these algorithms led us to the following conceptual
definition, [14]. Let A be an H-space.

Definition 7. A geometric (n, r)-object on S is an H-equivariant map p: S), —

A.

Since p is an H-map, it induces the associated bundle morphism i: K]S —
G[A]. The map
pn = ppoky: N — GylA]

is called the value of geometric (n,r)-object  on N. More generally, let
W C S] be an H-invariant submanifold. An n-submanifold N C S is said to
be of type W, if the values of k} lie in G x[W]. We can introduce a geometric
object of type W as an H-map u: W — A. For a submanifold N of type
W, jio k}y is the value of 1 on N. Very simple examples of W are elliptic,
parabolic and hyperbolic contact (2,2)-elements on Euclidean 3-space.

The equations of the infinitesimal action can be used, at least locally, for
constructing the equivariant maps. A general global result is due to R. Palais,
[21]. We refer the reader to [14] for more details concerning the case of contact
elements. We underline that the globality of the infinitesimally equivariant
maps frequently follows from the geometrical interpretation of the results of
evaluations.

In practice, one constructs the geometric objects of N by using the first
order frames. If we interpret H as a principal Hi-bundle H(H/Hy, Hy), then
S!' coincides with the associated bundle H[S!,]. The left action of H on S],
has the form

h{h,y} = {hh,y}, h,h€ Hye S,.
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Let B be an Hj-space. The associated bundle H[B] is an H-space with
respect to the action

h{h,z} = {hh,z}, h,hec H z€ B.

This definition is correct, for h{hhy,h;'z} = {hhhy,hi*2} = hih,z}, h, €
H,. For every Hy-map v: S}, — B, the induced map v: H[S],| — H|[B|
is H-equivariant. So every Hi-map v: S); — B gives rise to a geometric
(n,r)-object on S.

We underline that the concept of r-th order geometric object for n-sub-
manifolds of S'is of universal character. Its specification to an n-submanifold
N C S (or to a submanifold of type W) is constructed by means of the contact
elements, so that it is independent of parametrizations of N.

The differential invariants of submanifolds are the simpliest example of
geometric objects. In this case, A = R with the identity action of H. Further,
if we consider the action of H on R by means of homotheties, we obtain the
so-called relative invariants.

Remark 3. According to the Cartan-like algorithm of this section (see [14]
for the use of zero order frames), the geometric objects of a submanifold
N C S are determined by the restriction @y of the Maurer-Cartan form of
G over N. This corresponds to the well known role of ¢y in the equivalence
problem for N, see [3], [7]. We recall that this role is based on the fact that,
for a connected manifold N, two maps fi, fo: N — G are congruent, i.e.
there exists g € G such that fi(x) = gfa(z) for all z € N, if and only if
poTlfi=9poTfy: TN — g.

5 Submanifolds of Cartan spaces

Consider a Cartan space S(M) such that H acts transitively on S!. Let
N C M be an n-submanifold. The elements of ()5 are zero order frames of
N, they are characterized by a(c) € sy(N). A frame u € (Qn), is said to
be first order frame of N, if u(c,) = I'\(x). Analogously to Section 4, these
frames form a reduction Q1 of Qn to Hy. In this situation, a frame u € Qy
is a first order frame of N, iff W& (u) = 0. We write S” = (K!S).. Then K'S
is an associated bundle G[S”]. Further, we write S7, for the fiber S” — S}
over ¢,.



16 Absolute differentiation in Cartan spaces

The r-th absolute contact differential Iy can be viewed as a section of
the associated bundle Qn1[S),]. By (4), the coordinates 2, z* identify S,
locally with JjR™™~". Hence the induced coordinates on S, are

P p

T

:E,U7, 11'51"

arbitrary in all subscripts. The coordinate functions of I'},

(W) it — S
are globally defined.

Assume the existence of K C G as in Section 4. Then we have the
following simple procedure for finding the coordinate functions of I}, in
which the role of the Maurer-Cartan form ¢ from Section 4 is replaced by
the connection form w. We write w for the restriction wy; of w to Qn1. So
our starting point are the equations

wP = 0.
In [13], we deduced
Proposition 5. We have
(13) chw* = b];jwj-

The algorithm from Section 4 is now modified as follows, [13]. Write
formally the relations, with arbitrary z7;,

(14) che' = »’U%Spj-

Applying exterior differentiation to (14), using the structure equations of ¢
and P = 0, we find an expression of the form

[dﬂi’j — \I/%A(:)szl)go)‘} Al =0.

Proposition 6. The equations of the infinitesimal action of H, on S?, are

day; — \Iffj/\(.rzl)w’\ =0 with &7 =0.
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This procedure can be iterated. Assume that after r-3 steps we have
deduced the equations of the infinitesimal action of H; on S”;?

D D 4\ A _
d%j - \I]ij)\(xkl)ﬁ =0,

(15)
.

p
dx B1.dp_2A

i1eeip_o <le’ e xq )’/T)\ =0

) j1~-~jr72

with ¢\ = 0. Then we write formally the relations, with arbitrary 27 . .,

(16) d? — P (9. ... 2! Yot = a? @

il---ir—Z i1-~~ir—2)\ j1j27 ) jl---jr—Q il---ir—2j
Applying exterior differentiation to (16) with ¢? = 0, using the structure
equations of ¢ and (15), we obtain an expression of the form
\ :
[dx]iolmir—lj B \ijlni'erj)‘(lgle’ te ’w.?l-".jr—l)gp } Ny’ =0.
Proposition 7. The additional equations of the infinitesimal action of Hi
on Sy, are

— P

p
dl’ Do lp—1A

11 0p—1

q q A ) N
(lejé’ e 7$j1...jr_1)7T =0 with d\n" =0.

The coordinate functions b;,..., 0} ,, of 'y on Q1 satisfy (13) and

P q A k
dbfj - qjijA(bkl)w = bfjkw )
P q q A J
dbf1..-ir—1 \I/i1...ir—1>\(bj1j2’ te ’bj1~~~jr—1)w - b€1..-ir—1jw :

Remark 4. We underline that the absolute contact differential of any order
of N is determined by the restriction wy of the connection form w over N.
This is an important analogy of Remark 3. Clearly, Section 4 can be viewed
as a special case, provided we consider S as a flat Cartan space.

Now we generalize the concept of geometric (n, r)-object to Cartan spaces.
Let A be an H-space.

Definition 8. A geometric (n,r)-object on S(M) is an H-equivariant map
p: S), — A.
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We also say that u is a semiholonomic (n,r)-object. For n = 1 we have
St = 87, so that there exist holonomic (1, r)-objects only.

So we have the induced bundle morphism ji: Q[S7] — Q[A]. For a sub-
manifold N C M, the composition

py =poly: N = Qn[4]

is called the value of ;1 on N. More generally, if W C S" is an H-invariant
submanifold, then the (n,r)-objects of type W are defined analogously to
Section 4. Clearly, one can restrict himself to the first order frames of IV in
the same way as above.

6 The torsion-free case
For a Cartan space S(M), Sharpe defines its curvature € by

(17) dw + Lw,w] = Q,

[22]. So € is the restriction of the curvature Qr of I' to @. It is well known
that Qr can be interpreted as a map

2
Qr: Pxy \TM = g.

Hence we may consider {2 as a map

2
(18) Q:QXM/\TM—>g.
The coordinate form of (17) is
1
(19) dw’ + §c5KwJ Aw" =Rl w* AW’ I JK=1,... dimG.

In [9] we introduced the following concept in a slightly different, but
equivalent way. Write L = g/h = T.S and ¢: g — L for the factor projection.

Definition 9. The composition 0 =1 o 2: Q X, /\2 TM — L is called the
torsion of S.
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The absolute differentiation with respect to I' identifies T, M with T}, E, .
Clearly, L is an H-space and the corresponding associated bundle satisfies

(20) QL ~ | J Tuw B
zeM

Hence o can be interpreted as a section

2
(21) o: M — QL \ LY
By (19), the coordinate expression of o is

(22) Ry pw™ A w”.

This implies that o coincides with the standard torsion in the classical case
of an affine connection on the linear frame bundle of M.

Remark 5. The concept of higher order torsions of Cartan spaces is dis-
cussed from a similar point of view in [10].

Our result from [9] can be now formulated as follows. (Another approach
to this assertion will be discussed in Section 8.)

Proposition 8. If the torsion of S vanishes, then the values of T2 are holo-
nomic contact (n,2)-elements.

In particular, this is true in the case of a Riemannian manifold (M, g),
that is considered as a Cartan space &,,(M) with respect to the Levi-Civita
connection. Thus, from the viewpoint of our approach, the second-order
geometric objects on submanifolds of Riemannian spaces are of the same
type as in the case of submanifolds of Euclidean spaces.

7 Universal tensor bundles for submanifolds

We present another situation, in which the idea of universal geometric object
for submanifolds plays a remarkable role. We start with the case of an
arbitrary manifold M. The vertical bundle VN of N C M is the factor
bundle (TM)yx/TN. A section

a b c d
N TN Q) VNe R T"No (R) VN
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will be called a tangent-vertical tensor field on .
For every £ € (K!M),, we denote by 7(§) C T,M the corresponding
n-dimensional subspace and by v(§) = T, M/7(§) the vertical space. Then

HM= |J 7 and VM= |] v
teKLM EeKiM
are vector bundles over K! M and we have an exact sequence (see also [19])
(23) 0— H!M — (13)*TM — VM — 0.
Definition 10. The induced bundle over K] M
H'M = (z})*H!M or V'M = (x})*V.!M
is called the universal horizontal or vertical (n,r)-bundle over M, respec-
tively.
We define

a b c d
(24) LM =Q) HyMe Q) Vi Me (X) Hy Mo Q) VM.

Every section o: K" M — ]:LZZM determines a tangent-vertical tensor field
o0 o k}y on every n-submanifold N.

For example, consider the m-dimensional affine space A,, and N C A,,.
For a vector X € T, N, we define ¢,(X) € VN as follows. Take a curve 7(t)

on N such that d'Z—(tO) = X. In the case of A,,, the acceleration di]tg”) belongs
to T, A,,. Its projection into V, N depends on dwd—gﬂ) only. This defines a map

v, T, N — VN, that generates a quadratic V N-valued form ¢y on N. Its
universal version is a section

(25) 0: K2A, — V2A, @ S*(H*A).

Definition 11. We say that ¢ is the universal fundamental form for n-sub-
manifolds of A,,.

For every submanifold N C A,,, ¢ o k% is the fundamental form of N.

We remark that an application of the concept of universal tensor bundles
to the calculus of variations on submanifolds is presented in [18]. Another
interesting application of this concept can be found in [6].

In the semiholonomic case, we construct the pullbacks

H'M — KM and VM — K!M

in the same way as in Definition 10.
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8 The reduced torsion and the difference ten-
sor

Consider a submanifold N of a Cartan space S(M). In the tangent space
Ty(x)Ex, we have an n-dimensional subspace 75 () corresponding to '} (z).

The factor space
(26) v (2) = Tyw) e/ Ty ()

will be called the vertical space of N at x. Write oy for the restriction of o
to QN-

Definition 12. The projection dy(z) of ox(z) into v (z) is called the re-
duced torsion of N at z.

The universal version of the reduced torsion is closely related with the
general concept of difference tensor of semiholonomic contact (n, 2)-elements.
According to [9], every semiholonomic 2-jet X € J2(M, N), determines the
difference tensor AX € T,N @ N> T:M. If (2%, y*, y2, ys;) are the canonical
coordinates on J2(R™ R™), then the coordinate expression of AX is

(27) RN
So AX =0, iff X is a holonomic 2-jet.
Consider X € regT2M and ¢ = k(X) € K?M. The underlying 1-jet

X € reg T} X identifies R" with 7(&;), & = mi¢. The projection of AX
into v(&;) depends on £ only. This defines

2
(28) 6(¢) e v&) ® A\ (&),
that will be called the difference tensor of £. Hence § is a section
2
0 K2M — VM e N\ H*M
that is said to be the contact difference tensor. Under the identification (4)

of TK2R™ with J2R™™~", both approaches to the difference tensor coincide.
Clearly, £ € K2M iff 6(¢) = 0.
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If we analyze & from the viewpoint of semiholonomic (n,2)-objects, we
realize that it is determined by an H-map

2
(29) Sz = (ViS)e® N\(HYS).,

that coincides with the contact difference tensor. This yields
Proposition 9. We have dy(x) = 0 iff T%(x) is holonomic.

Hence Proposition 8 is a direct consequence of Proposition 9.

To illustrate the use of the algorithm from Section 5, we rededuce this
assertion by direct evaluation under the additional assumptions on S} and
K. In the first order frames of N, (19) and (22) imply

(30) 0=cdw Aw + Rw AW,

where Rfjwi Aw’ is the coordinate expression of . The coordinate functions
of Iy satisfy ¢f,w* = b},w/. Hence 6 = 0 is equivalent to b};w’ Aw? = 0, i.e.
by = V-

As a concrete example, we consider a 2-submanifold Ny C Pz of a 3-
space with projective connection. The projective 3-space P is generated by
an affine 4-space A, and we write {u} € Py for the point determined by a
nonzero vector u € Ay. We fix a basis ug, u1, uz, ug of A4 and define ¢ = {ug}
and ¢y as the linear space in T.P3 corresponding the 2-plane determined by
{uo}, {u1}, {uz}. The Maurer-Cartan form of the projective group GP(3)
is (%) with ¢ =0, a, b= 0,1,2,3, and we have

(31) dp, = po Ao with g = 0.

The differential equations of H are ¢} = p3 = ¢35 = 0. One verifies directly
that condition (9) is satisfied. Then the relation

(32) doly = @) Ao+ 0o A o3+ g A s+ @ A b

implies that the additional differential equations of H; are 73 = 0, w5 = 0.

The restriction (wy), w? = 0 of the connection form w of Ps to the first
order frames of Ns is characterized by w3 = 0. If we write wj = w!, Wi = w?,
then (13) yields

(33) wi’ = bnwl + b12w2, CL)S = bzlwl + 622w2.
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Then (30) is of the form
(34) 0=w'Aw +w? Aws + 2R3 A w?
Hence (33) implies 2R3 = by — bia. So the equations (14) are of the form

(35) 80? = $1180(1) + $12§03, 803 = $21%0(1) + $22803.

Applying the procedure from Section 5, we obtain the equations of the in-
finitesimal action of H; on S3,

dxqi, + 1:11(7T0 27r1 + 7T3) T1oms — x93 = 0,
1
1 7T2 + 7T3) - .T117T2 - $227T1 - 0,

1

dﬂflg + 3312( Ty —
0 2, 3 1 2
dxgy + Tor (Mg — T — ™5 + 3) — :z;117r2 — 5(72271'1 =0,
( 0
0

(36)

dTay + Tog(T) — 275 4 T3) — T19Ty — Ty = 0.
In particular,
(37) d(x — T12) + (221 — 712) (7] — 7] — 73 +75) =0,
so that Rg is a relative invariant. Further, in the non-parabolic case x15291 —
T11T99 # 0 we find
d((iUm - $12)2/($12$21 - $11$22)) = 0.

Hence (R3)?/(biaba; — b11bez) is an absolute invariant. Its geometric interpre-
tation was found already by E. Cartan [4].

Remark 6. There exists a natural symmetrization Sym: J?(M, N) — J2(M, N)
of semiholonomic 2-jets, [11]. In coordinates, one verifies directly that Sym
preserves the jet composition

Sym(Y o X) = Sym(Y)oSym(X), X € 2(My, My),, Y € J2(M, Ms)..

Hence (3) implies that there is an induced symmetrization of contact (n,2)-
elements B

Sym: K2M — K2M.
We remark that in some geometric constructions I'4 () enters via its sym-
metrization Sym(T'4 (z)). But this is not the case of the preceding example.

Remark 7. Some general aspects of the holonomicity problem for I'}y in the
case r > 2 are studied in [12]. The case of Ny C Pj is treated geometrically
in [8].
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9 Induced bundles over submanifolds

We point out that the idea of universality can be applied to a wide class of
r-th order geometric objects over submanifolds. We write regl) M = P M if
we consider it as a principal bundle over K] M with structure group G,. For
every n-submanifold N C M, the map k}, induces a bundle (k})*PrM — N
that coincides with the r-th order frame bundle P"N. Let B be a GJ -space.

Definition 13. The associated bundle P’ M[B] — KM is called the uni-
versal B-bundle of type (n,r) over M.

The map k% induces the associated bundle (k})*(P'M|[B]) ~ P"N|B.
For ¢ > r, we can construct the pullback (74)*P/M =: PMM — KIM.
Then k% : N — KIM defines (k%)*(Pr?M[B]) ~ P"N[B].

In the case of S = G/H, P!S — S can be interpreted as an associated
bundle

(38) PrS=Gl(PS).], u—{g.97'u}, g€ G, ue (PS)y

as well. In general, consider a principal bundle P(Z, K) and a left action of
G on P commuting with the right action of K on P, i.e.

(39) g(uk) = (gu)k, g€ G, ue P, keK.
If B is a left K-space, we have an induced left action of G on P[B],

(40) g{u, b} = {gu, b}.

This is a correct definition, for

g{uk, k™'b} = {g(uk), k~'0} = {(gu)k, k~"b} = {gu,b}.

For example, if r = 1 and B = R" with the standard action of G, then
PMMIR" = HIM. On the other hand, the vertical bundle VM is not of
this type.

In the case of PIS(K]S,G") and a GL-space B, we obtain a left action
of G on P’S[B]. Denote by B = (PrS[B]), the fiber over ¢ € S. Hence our

construction yields a left action of H on~B . Conversely, given a left action
of H on B, we have an identification G[B] ~ P} S|B|,

{g, {u, b}} — {gu,b}.



I Kolar, R. Vitolo 25

This is a correct definition, for
{gh, h " {uk,k~'b}} = {gh, {h " uk,k~'b}} = {gh, {h""u,b}} = {gu,b}.
Consider another H-space A,

Definition 14. An H-map pu: B — A is called geometric B-object of type
(n,r) over S.

Since G[B] = P S|[B], the map k& : N — K’S induces

UN - PTN[B] = GN[B] — GN[A],
{u,0} = {g,{97"u,0} } = {g,n({g" u, b})},

that will be called the value of ;r on N. This definition is correct. Indeed, if we
replace g by gh, we have {u, b} = {gh,{h "¢ u,b}} — {gh, p({h"'g"'u,b})}
= {g, ,u({g_lua b})}

There also exists a pullback version of this concept, in which we replace
P"S by P74S. In the case B = pt is a singleton, so that » = 0, we obtain the
concept of (n, ¢)-object on S introduced in Section 4. Indeed, PIS[pt] = KIS.

In particular, a section p: K S — IZ?Z’ZS can be interpreted as a linear
morphism ;

a c b d
o0 Q) HySe R) HiS —X) Vise KR Vs,

If we consider the induced action of G on [ ;igS and set

a

c b d
(X HySo Q) HyS)e and A= (Q) ViS5 R Vi*S).,

we obtain the concept of invariant section p.

B

A simple example to Definition 14 is the classical connection on a subman-
ifold N, i.e. a principal connection on P'!N. This is a second order geometric
object field on N, [16]. The problem of finding an invariant construction of
induced classical connection on a submanifold is important for both affine
and projective differential geometries.
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