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Abstract

The Lagrangian representation of multi-Hamiltonian PDEs has been
introduced by Y. Nutku and one of us (MVP). In this paper we focus
on systems which are (at least) bi-Hamiltonian by a pair A1, A2, where
A1 is a hydrodynamic-type Hamiltonian operator. We prove that find-
ing the Lagrangian representation is equivalent to finding a generalized
vector field τ such that A2 = LτA1. We use this result in order to find
the Lagrangian representation when A2 is a homogeneous third-order
Hamiltonian operator, although the method that we use can be applied
to any other homogeneous Hamiltonian operator. As an example we
provide the Lagrangian representation of a WDVV hydrodynamic-type
system in 3 components.
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1 Introduction

Integrable systems of nonlinear PDEs in 1 + 1 dimensions (or, equivalently,
in 2 independent variables) have a particularly rich structure. Evolutionary
systems of the form

uit = f i(uk, ukx, u
k
xx, . . .) (1)

can be given one or more Hamiltonian formulation

uit = f i(uk, ukx, u
k
xx, . . .) = Aijα

δHα

δuj
, (no sum in α), i = 1, . . . , n (2)

through one or more Hamiltonian operators Aα. Here, α is an index running
from 1 to M , Hα are Hamiltonian densities and δ/δuj = (−1)|σ|∂σ ∂/∂u

i
σ

are variational derivatives (σ is a multi-index). The requirement of Aα be-
ing Hamiltonian amounts at Aα being a formally skew-adjoint differential
operator in total derivatives ∂σ and [Aα, Aα] = 0. The last operator is
the Schouten bracket, see [5] for a definition. Hamiltonian operators map
characteristic vectors of conservation laws into generating functions of (gen-
eralized) symmetries [5, 25].

By a classical result by F. Magri (see [5] and references therein), the in-
tegrability of the system (2) is ensured by the existence of at least 2 Hamil-
tonian operators that are compatible: [A1, A2] = 0. This yields a sequence
of commuting conserved quantities and symmetries and, eventually, leads to
integration through the inverse scattering method.
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An interesting feature of bi-Hamiltonian systems (M = 2) or multi-
Hamiltonian systems (M > 2) was first pointed out in [24]. Suppose that
the Hamiltonian operator Aβ is invertible. Then the operators Rαβ = AαA

−1
β

applied to eq. (2) yield, after potential substitution ui = ϕix, systems of
PDEs which admit local Lagrangians in the new variables ϕi. If all the
operators Aα are invertible there will be 2M − 1 new systems. This is the
Lagrangian representation of the system (2). It is clear that having the pos-
sibility to represent a system of PDEs and its hierarchy of symmetries by
Lagrangian PDEs is mathematically interesting. This possibility was con-
sidered by several authors (see, e.g.,[23]), and was systematically linked to
the multi-Hamiltonian property in [24]. Several examples have been consid-
ered so far: KdV, polytropic gas dynamics, Kaup–Boussinesq, Kaup–Broer,
Boussinesq, NLS [24].

In this paper we will consider evolutionary systems of PDEs which are
at least bi-Hamiltonian by a pair of Hamiltonian operators A1, A2:

uitk = Ais2
δHk

δus
= Ais1

δHk+1

δus
, (3)

where for k = 0 we have the initial system of the hierarchy of commuting
flows. We make the assumption that the first Hamiltonian operator A1 is a
first-order Dubrovin–Novikov homogeneous Hamiltonian operator

Aij1 = gij∂x + bijk u
k
x, (4)

where gij , bijk are functions of the field variables (uh) and homogeneity is
meant with respect to the grading that assigns the degree 1 to ∂x. Such
operators are quite common among the bi-Hamiltonian systems. Moreover,
they are easily invertible: in the non-degenerate case det(gij) 6= 0 there is
always a transformation ūi = ūi(uj) such that A1 = Kij∂x, where Kij is a
constant symmetric matrix, hence A−11 = (Kij)−1∂−1x .

Bi-Hamiltonian systems of the above type are known to have the follow-
ing properties (besides admitting a Lagrangian representation).

1. They admit a nonlocal symplectic operator B = A−11 A2A
−1
1 [5, Propo-

sition 7.9]. This operator becomes local after the above potential sub-
stitution, and the above system (3) can be rewritten as

Bimϕ
m
tk =

δHk+2

δϕi
, (5)

The above equation is evidently Lagrangian; its Lagrangian represen-
tation is a Lagrangian for the above equation of the form

Lnϕ
n
tk − hk+2, (6)
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where hk+2 is the function that defines the Hamiltonian density Hk+2

(which is a quantity that can be computed) and (Ln) is a vector func-
tion of ϕi, ϕix, ϕixx, . . . , called the characteristic function of the La-
grangian representation, to be determined.

2. The second Hamiltonian operator is the Lie derivative of the first one:
A2 = LτA1, where τ is a generalized vector field (see [5, Proposition
7.9] or, more generally [3, 15, 10]). According with a modern termi-
nology [10, 21], A2 is a trivial infinitesimal deformation of A1.

Clearly, the difficult part of finding the Lagrangian representation of
the equation (10) is finding (Ln), as hk+2 can be found from the initial
equation by bi-Hamiltonian recursion with usual methods. We stress that
the Lagrangian representation is local, as there are topological obstructions
in finding global Lagrangians, see the discussion below.

In this paper we will prove the following:
Theorem. Finding the Lagrangian representation (12) of the integrable

hierarchy (3) is equivalent to finding the generalized vector field τ such that
A2 = LτA1.

More precisely, we will prove that the vector function ψ = −(Ln) is noth-
ing but a potential of the symplectic form B with respect to the differential
e1 of the variational sequence [2, 5, 25, 30]. Variational sequences have been
introduced as the analogue of the de Rham sequence for the calculus of vari-
ations. Let us summarize the features of this topic that are relevant to this
paper, see [2, 5, 25, 30] for much deeper insight. Variational sequences can
be schematically represented by the sequence of differential operators

. . .
D−→ Lagrangians

E−→ Variational 1-forms
H−→ Variational 2-forms . . .

(7)
where D is the total divergence, E is the Euler-Lagrange operator, H is
the Helmholtz operator any two consequent operations are identically zero.
Variational 1-forms are covector-valued densities ψ which define systems of
PDEs of the form ψ = 0. If H(ψ) = 0 then, locally, the system ψ = 0 is
Lagrangian: locally there exists a Lagrangian density L such that E(L) = ψ,
and L can be computed by the Volterra homotopy operator [2, 5, 25, 30].

The spaces of variational k-forms (variational 0-forms are Lagrangians)
form sheaves, and the variational sequence turns out to be a locally ex-
act sequence of sheaves whose differentials are all denoted by e1. Then, a
variational 2-form B is symplectic iff e1(B) = 0. If this is true, by local ex-
actness there exists a variational 1-form ψ (which is in general only locally
defined) such that H(ψ) = B. In the proof of the above Theorem it will
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be shown that τ = A1(ψ), therefore the Lagrangian representation will have
the same local (or global) character as ψ. There are well-known topological
obstructions to the global exactness of the variational sequence [2, 5, 25, 30].

The above results hold in a differential-geometric setting, i.e. for C∞
forms and vector fields, despite the fact that they have initially been intro-
duced having polynomial categories in mind [5].

With the above ideas in mind we found new nontrivial examples of La-
grangian representation, besides those that were discussed so far, in the class
of bi-Hamiltonian systems where A2 is a third-order homogeneous Hamil-
tonian operator. In this class the homotopy operator of the variational se-
quence allows us to choose a vector function (Ln) which is: 1 - homogeneous,
since the homotopy operator preserves homogeneity, and 2 - dependent on
third-order derivatives, since the homotopy operator preserves the order of
derivatives.

However, we had to overcome an obstacle. We are forced to compute
in flat coordinates of the first Hamiltonian operator A1, as this makes A1

easily invertible. In these coordinates the coefficients of the homogeneous
operator A2 yield non-removable singularities in the homotopy operator. So,
we had to develop a different method that, in principle, can be used with
any homogeneous operator A2 of arbitrary order. We proved the following:

Theorem. There exists a Lagrangian representation (6) where Ln is a
homogeneous polynomial of derivatives of degree 2 if and only if the integra-
bility condition dT = 0 is fulfilled, where T is a three-form defined in (23).
In this case we have

Ln =

(
1

2
Gnmu

m
x +Rnmu

m
x

)
x

− 1

2
Lnsmu

s
xu

m
x (8)

where (ui) are flat coordinates of g, Gnm is the leading coefficient of the
symplectic operator B, Lnsmu

s
xu

m
x are n conservation law densities of the

initial system of PDEs and Rnm is a skew-symmetric tensor.
In our method we made a minimal order ansatz for the vector function

(Ln): it can be a homogeneous polynomial of order not lower than 2. This
simplifies computations at the cost of leading us to the integrability condition
dT = 0.

The above results have been successfully used to compute the Lagrangian
representation for the WDVV system of hydrodynamic type (30) for which
the bi-Hamiltonian nature is known [11]. The procedure can be applied
with equal ease to the bi-Hamiltonian systems [17, 18, 26], thus providing a
wide range of examples. In all the above cases the integrability condition is
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fulfilled and it is conjectured that the condition is a consequence of the fact
that B is a symplectic operator. See the Conclusions for more details.

Symbolic computations were done in Reduce, a free Computer Algebra
System, using the package CDE, developed by the author of this paper [31].
Interested readers are warmly invited to contact the author for question
on any aspect of the computations or to get software and/or mathematical
expressions of quantities that would be unpractical to include in the paper.

2 Lagrangian representation and triviality of A2

In this section we will recall the construction of the Lagrangian repre-
sentation of a bi-Hamiltonian system in the case when A1 is a first-order
Dubrovin–Novikov homogeneous Hamiltonian operator. Then we will show
the relationship between the (local) existence of the Lagrangian represen-
tation and the (local) existence of a generalized vector field τ such that
A2 = LτA1.

Let us recall how the Lagrangian representation is defined in our frame-
work. We work in flat coordinates (ui) of A1, so that A1 = Kij∂x. After
the potential substitution ui = ϕix the integrable hierarchy (3) becomes

ϕixtk = −Ais2 ∂−1x
δHk

δϕs
= −Kis δHk+1

δϕs
. (9)

Then we take two copies of this integrable hierarchy (here MijK
js = δsi )

−Mimϕ
m
xtk = MimA

ms
2 ∂−1x

δHk

δϕs
=
δHk+1

δϕi
,

−Mimϕ
m
xtk+1 = MimA

ms
2 ∂−1x

δHk+1

δϕs
=
δHk+2

δϕi
,

which leads to two series of recursive relationships

δHk+1

δϕi
= MipA

pq
2 ∂
−1
x

δHk

δϕq
, ϕixtk+1 = Aip2 Mpqϕ

q
tk
.

Thus
δHk+2

δϕi
= −Mimϕ

m
xtk+1 = −MimA

mp
2 Mpqϕ

q
tk
.

This means that the above equations are nothing but Euler–Lagrange equa-
tions

Bimϕ
m
tk =

δHk+2

δϕi
, (10)

Bij = −MipA
pq
2 Mqj (11)
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where B = (Bij) is a local differential operator. It is not difficult to prove
that B is a symplectic operator [5].

We observe that the system (9) is Lagrangian with respect to the action
density 1

2Mijϕ
i
xϕ

j
tk
− hk+1, where Hk =

∫
hkdx. The equation (10) is La-

grangian too; this fact is characteristic of bi-Hamiltonian systems and was
systematically investigated in [24]. The Lagrangian representation of the
bi-Hamiltonian system (3) is the Lagrangian of the system (10), which is of
the type

Lnϕ
n
tk − hk+2. (12)

Now, we would like to prove one of the main results of this paper, ie the
fact that the existence of a Lagrangian representation is equivalent to the
triviality of A2 as an infinitesimal deformation of A1, or A2 = LτA1.

Let us recall the notion of Lie derivative for Hamiltonian operators. We
denote the derivative coordinates uix···x by uiσ, where the index σ is the or-
der of the x-derivative. Given any vector function F = (Fi), i = 1, . . . , n
we denote the linearization (or Fréchet derivative) of F and its formal ad-
joint, respectively acting on a generalized vector field τ = τ i∂/∂ui and on a
covector ψ = ψjdu

j , where τ i = τ i(ukσ) and ψj = ψj(u
k
σ), by

`F (τ) =
∂F k

∂uiσ
∂στ

i, `∗F (ψ) = (−1)|σ|∂σ

(
∂F k

∂uiσ
ψk

)
.

The above definition extends also to matrix differential operators: if A(X) =
Aiσj ∂σX

j , then we have the differential operator in two arguments `A,X(Y ) =

(∂Aiσj /∂u
k
µ)∂σX

j∂µY
k. Then

LτA1(ψ) = −[A1, τ ](ψ) = `A1,ψ(τ)− `τ (A1(ψ))−A1(`
∗
τ (ψ)),

where ψ is an arbitrary vector-valued density and [A1, τ ] is the Schouten
bracket (see, for example, [5]).

It is known [5, Theorem 7.9] that, if A1 and A2 is a pair of compatible
Hamiltonian operators where A1 is invertible, then B = A−11 A2A

−1
1 is a

symplectic operator. Moreover, if ψ is a potential of B in the variational
sequence, i.e. e1(ψ) = B, then the vector field τ = A1(ψ) yields A2 = LτA1.
This fact can be regarded as a direct consequence of a more general fact,
namely, the vanishing of the Lichnerowicz–Poisson cohomology (which is
defined by the differential d1 = [A1, ·]) for first-order homogeneous operators.
See [15, 3], or [10, Lemma 2.4.20] for a more recent proof. See also [29] for
a complete discussion about the problem of characterizing which operators
of the form LτA1 are Hamiltonian.
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There is a deep link between the Lagrangian representation, the sym-
plectic form B and the fact that A2 can be expressed as the Lie derivative
of A1.

Theorem 1. The systems (10) admit a Lagrangian Lnϕ
n
tk
− hk+2 where

ψ = −(Ln) is a potential of the symplectic form in the variational sequence:
e1(ψ) = B. Moreover, we have

A2 = LτA1, where τ = A1(ψ) = −KinLn
∂

∂ui
. (13)

Proof. Any symplectic form admits a (local) potential ψ = −(Ln) with
respect to the differential e1 in the variational sequence [2, 5, 30]. This
means in coordinates

Bin = −
(
∂Li
∂ϕnσ

∂σ − (−1)σ∂σ
∂Ln
∂ϕiσ

)
, (14)

Then, it is easy to prove that

δ(Lnϕ
n
t )

δϕi
= (−1)σ∂σ

(
∂Ln
∂ϕiσ

ϕnt

)
− ∂Li
∂ϕnσ

∂σϕ
n
t = Binϕ

n
t , (15)

so that Lnϕ
n
tk
− hk+2 is the Lagrangian of (10).

Let us recall that `ψ = −∂Li/∂ϕnσ∂σ. Then, eq. (14) can be rewritten as

B = `ψ − `∗ψ (16)

in potential variables ϕix. Changing coordinates to ui yields the following
changes of variables:

`ψ(ϕix, ϕ
i
xx, . . .) = `ψ(ui, uix, . . .)◦∂x, `∗ψ(ϕix, ϕ

i
xx, . . .) = −∂x◦`∗ψ(ui, uix, . . .).

After multiplying (11) to the left and right by K we have, in coordinates
(ui),

Aij2 = −Kih(`ψ ◦ ∂x + ∂x ◦ `∗ψ)hkK
kj (17)

We would like to prove that A2 = LτA1. A natural candidate for τ is τ =
Kψ: we have `A1,ψ(τ) = 0 because A1 has constant coefficients, and `τ =
K`ψ, so that expanding the definition of the operator LτA1 by computing
it on a covector field ξ we have:

LτA1(ξ) = −K`ψ(A1(ξ))−A1((K`ψ)∗(ξ))

= −Kih(`ψ ◦ ∂x + ∂x ◦ `∗ψ)hkK
kj

= A2(ξ).
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The above Theorem has the following straightforward consequence.

Corollary 2. Finding the Lagrangian representation (12) of the integrable
hierarchy (3) is equivalent to finding the generalized vector field τ such that
A2 = LτA1.

Remark 3. The vector function ψ = −(Ln) depends on derivatives of (ϕi)
which are of the same order of those appearing in A2 (in potential coordi-
nates). This is due to the fact that the homotopy operator of the variational
sequence does not change the order of derivatives. Theorems and conjectures
about minimising the order in inverse problems of the calculus of variations
are discussed in [30].

3 Lagrangian representation for homogeneous bi-
Hamiltonian pairs

It is now clear that the explicit expression of τ also yields the Lagrangian
representation of the given bi-Hamiltonian system of PDEs.

Following [5, 3, 10], τ can be computed through ψ, and ψ can be com-
puted using the homotopy operator in the variational sequence. The vector
field τ plays the role of the infinitesimal deformation in the perturbative
approach of [10]. The approach works in the simplest examples like the
KdV equation [3]; however, if the range of examples is extended to even just
slightly more complicated examples the homotopy operator approach is no
longer effective. Indeed the integrand in the homotopy operator is singular
for t = 0 in many examples (see Section 4). Such singularities are not re-
movable by a shift: the shift operator does not bring total divergencies into
total divergencies, hence shifting does not preserve the homotopy operator
in the variational sequence (see [5, p. 65]).

In this Section we propose an alternative approach to the computation
of τ when A2 is a homogeneous operator of Dubrovin–Novikov type [9].
The approach will be developed in details when A2 is of the third order.
Indeed, there is a huge family of examples of systems of PDEs which are
bi-Hamiltonian with respect to a pair of homogeneous operators A1 and A2,
with A1 of the first order and A2 of the third order, see Section 4. However,
our methods easily extend to homogeneous operators of arbitrary order.

Under the above hypotheses A2 has the form

Aij2 = gij2 (u)∂3x + bij2k(u)ukx∂
2
x + [cij2k(u)ukxx + cij2km(u)ukxu

m
x ]∂x

+ dij2k(u)ukxxx + dij2km(u)ukxxu
m
x + dij2kmn(u)ukxu

m
x u

n
x. (18)
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We assume that A2 is non-degenerate, i.e. det gij 6= 0. Operators of the
above type can always be brought by a point transformation of the type
ũ = ũ(u) into the canonical form [1, 4, 27, 28]

Aij2 = ∂x(gij∂x + cijk a
k
x)∂x. (19)

Such operators have been recently studied and classified [12, 13].
Now we devote ourselves to finding the Lagrangian representation. First

of all we observe that Ln = Ln(uk, ukx, u
k
xx, u

k
xxx). Then, since homotopy

operator in the variational sequence preserves homogeneity, the functions
Ln must be a homogeneous polynomials with respect to the derivative co-
ordinates. We have another interesting property of each of the functions
Ln.

Lemma 4. The components Ln of the Lagrangian representation (12) are
conservation law densities of the initial system (3).

Proof. We can start the recurrence relation (3) from H
(k)
0 =

∫
ukdx: we

have H
(k)
1 = Kkm

∫
Lmdx. Indeed, the expression Aij2 ψ̃j can be expanded

using formula (17); we have

Aij2 ψ̃j =Kih

(
∂Lh
∂ukσ

∂σ∂x

(
Kkjψ̃j

)
+ ∂x(−1)σ∂σ

(
∂Lk
∂uhσ

Kkjψ̃j

))
=Kih∂x (E(Lk)h)Kkjψ̃j + higher order terms,,

where ‘higher order terms’ are terms linear in ∂σψ̃j and

E(Lk)h = (−1)σ∂σ

(
∂Lk
∂uhσ

)
is the Euler-Lagrange expression. Using the above expression in the recur-
rence relation yields the proof.

The above Lemma does not help us in finding a representative of Ln
of minimal order (up to total divergencies). The minimisation of order
in inverse problems of the Calculus of Variations is a mathematical area
which is richer in conjectures than in results, see [30] for a review on these
problems. However, in concrete examples homogeneity considerations on
the recurrence relation tells us that Ln can be a homogeneous polynomial
of the derivative coordinates of degree not less than 2. Every homogeneous
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polynomial of degree 2 has the form Ln = L1
nmpu

m
x u

p
x + L2

nmu
n
xx, but we

prefer to rewrite Ln as follows:

Ln =

(
1

2
Gnmu

m
x +Rnmu

m
x

)
x

− 1

2
Lnsmu

s
xu

m
x . (20)

where Gnm = Gmn, Rmn = −Rnm, Lnsm = Lnms. Indeed, examples show
that we can actually find conservation law densities of the above form. Note
that the n conservation law densities −1

2Lnsmu
s
xu

m
x are not independent in

general (see [14]). We need the corresponding form of A2; it can be obtained
by a straightforward computation.

Lemma 5. If the Lagrangian representation (Ln) has the form (20) then
the operator A2 takes the form

Aij2 = KipGpnK
nj∂3x +Kip(Fpmn +Gpn,m − Lnpm − Lpnm)Knjumx ∂

2
x

+Kip

[
Fpmnu

m
xx +

(
Fpmn,s −

1

2
Lpsm,n −

1

2
Lnsm,p

)
usxu

m
x

]
Knj∂x

+Kip

[
Lnpmu

m
xx + Lnpm,su

s
xu

m
x −

1

2
Lnsm,pu

s
xu

m
x

]
x

Knj , (21)

where

Fpmn =
1

2
Gpm,n+

1

2
Gnp,m−

1

2
Gnm,p+2Lnpm+Rpm,n+Rmn,p+Rnp,m. (22)

Now we can prove the main result of this section.

Theorem 6. The Lagrangian representation (12) can be found by a La-
grangian of the form given in (20) if and only if the tensor

Tpmn = Fpmn −
1

2
(Gpm,n +Gnp,m −Gnm,p + 4Lnpm) (23)

is a closed 3-form. In this case Gkp and Lsmn can be uniquely determined
while Rkp is determined up to the differential of a 1-form.

Proof. If we assume that Ln = Ln(uk, ukx, u
k
xx) then the expression (17) reads
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as

Aij2 = Kip

(
∂Lp
∂unxx

+
∂Ln
∂upxx

)
Knj∂3x

+Kip

[
∂Lp
∂unx

− ∂Ln
∂upx

+ 3

(
∂Ln
∂upxx

)
x

]
Knj∂2x

+Kip

[
∂Lp
∂un

+
∂Ln
∂up

− 2

(
∂Ln
∂upx

)
x

+ 3

(
∂Ln
∂upxx

)
xx

]
Knj∂x

+Kip

[
∂Ln
∂up

−
(
∂Ln
∂upx

)
x

+

(
∂Ln
∂upxx

)
xx

]
x

Knj , (24)

Then we can plug in the above formula the expression of Ln given in (20).
Keeping in mind the general expression of a homogeneous third-order oper-
ator (18) we have:

1. Gkn = Mksg
sp
2 Mpn by comparing the leading coefficient, so that Ghk

is uniquely determined;

2. Lsmn = Mskd
kp
2mMpn by comparing the coefficient of umxxx, so that Lsmn

is uniquely determined;

3. Fpmn = Mipc
ij
2mMjn by comparing the coefficient of umxx in the coeffi-

cient of ∂x, so that Fpmn is uniquely determined.

The equation (22) can be rewritten as

Rpm,n+Rmn,p+Rnp,m = Fpmn−
1

2
(Gpm,n +Gnp,m −Gnm,p + 4Lnpm) . (25)

If we interpret Rpm as a 2-form, then the above equation is integrable as the
right-hand side is a closed 3-form. As our considerations are local, we can
solve the above equation (non-uniquely) by Poincaré’s Lemma.

Corollary 7. The matrix Gij in (20) is the leading term of the symplectic
operator B.

Remark 8. In all our concrete examples (WDVV systems) the integrability
requirement on the tensor T (23) is passed. We conjecture that this condi-
tion is a consequence of the fact that one can always obtain a minimal order
potential ψ for any symplectic operator B. This conjecture goes along the
lines of existing conjecture on minimal order Lagrangians for locally varia-
tional PDEs, see [30] and references therein.
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4 Lagrangian representation of WDVV equations

The main examples of bi-Hamiltonian systems of the above type that we
have in mind are the Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equa-
tions. The WDVV system arises in 2D topological field theory [6, 7] as the
associativity condition of an algebra in an N -dimensional space. This system
is an overdetermined system of third-order PDEs in one unknown function
f . The form of the equations also depend on the choice of a nondegenerate
scalar product ηαβ on RN .

The WDVV equations on an N -dimensional space can also be presented
in the form of N − 2 hydrodynamic-type systems in N(N − 1)/2 com-
ponents. Such systems are mutually commuting and non-diagonalizable
(see[23] and references therein). In the first non-trivial case N = 3 it has
been showed that for three distinct choices of ηαβ such systems of PDEs
are bi-Hamiltonian by a pair of local operators of the type (4) and (18) (see
[11, 17, 18]). The same has been proved more recently for two systems in
the case N = 6 [26].

In this section we will find the Lagrangian representation of the WDVV
system from [11]. As a by-product we will find a structure formula for the
third-order operator A2 that has an independent interest.

Given a function F = F (t1, . . . , tN ) we assume that

ηαβ =
∂3F

∂t1∂tα∂tβ
(26)

is a constant nondegenerate symmetric matrix (ηαβ will denote its inverse
matrix); the WDVV equations are equivalent to the requirement that the
functions

cαβγ = ηαµ
∂3F

∂tµ∂tβ∂tγ
(27)

are the structure constants of an associative algebra. Then the associativity
condition reads as

ηµλ
∂3F

∂tλ∂tα∂tβ
∂3F

∂tν∂tµ∂tγ
= ηµλ

∂3F

∂tν∂tα∂tµ
∂3F

∂tλ∂tβ∂tγ
(28)

The integrability of the above equations was proved in [7] by giving a
Lax pair for all values of N and ηαβ. The Hamiltonian geometry of WDVV
equations also attracted the interest of a number of researchers [11, 20,
23]. We will focus on [11], where the case N = 3 was considered with
η antidiagonal identity, i.e. ηαβ = δα+β,4. In this case F is of the form
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F = 1
2(t1)2t3 + 1

2 t
1(t2)2 + f(t2, t3), and the WDVV system consists of the

single equation (after setting x = t2, t = t3)

fttt = f2xxt − fxxxfxtt. (29)

The above equation is a third order Monge-Ampère equation (see [22] for
recent results).

Let us introduce the new variables a1 = a = fxxx, a2 = b = fxxt,
a3 = c = fxtt. Then the compatibility conditions for the WDVV equation
can be written as an hydrodynamic type system of PDEs ait = vij(a)ajx where

at = bx, bt = cx, ct = (b2 − ac)x. (30)

It was proved in [11] that the above system can be written as a Hamil-
tonian system in two ways:

ait = Aij1
δH2

δaj
= Aij2

δH1

δaj
(31)

with respect to two compatible local Hamiltonian operators A1 and A2, with
expressions

A1 =

−3
2∂x

1
2∂xa ∂xb

1
2a∂x

1
2(∂xb+ b∂x) 3

2c∂x + cx
b∂x

3
2∂xc− cx (b2 − ac)∂x + ∂x(b2 − ac)

 (32)

A2 =

 0 0 ∂3x
0 ∂3x −∂2xa∂x
∂3x −∂xa∂2x ∂2xb∂x + ∂xb∂

2
x + ∂xa∂xa∂x

 (33)

and Hamiltonian densities h2 = c, h1 = −1
2a(∂−1x b)2− (∂−1x b)(∂−1x c), respec-

tively. The two Hamiltonian operators A1 and A2 are homogeneous (see
[8, 9] and the Introduction for more details).

The observation that led to finding A1 was that in the Lax pair of the
system (30)

ψx = λ

0 1 0
b a 1
c b 0

ψ, ψt = λ

 0 0 1
c b 0

b2 − ac c 0

ψ (34)

the eigenvalues uk(a) of the matrix that gives the x-evolution are conserva-
tion law densities. If the system is rewritten using the above eigenvalues as
new dependent variables uk, i.e., using the point transformation

a = u1 + u2 + u3, b = −1

2
(u1u2 + u2u3 + u3u1), c = u1u2u3 (35)

14



the operator A1 becomes evident and is of the type Aij1 = Kij∂x, where

K =
1

2

 1 −1 −1
−1 1 −1
−1 −1 1

 ,

and the Hamiltonian is H1 = u1u2u3. In these new coordinates our sys-
tem (30) takes the form

uit =
1

2
(ujuk − uiuj − uiuk)x (36)

where i, j, k are three distinct indices.
The operator A2 for the system (30) was found in a completely differ-

ent way. More precisely, a Lagrangian for the x-derivative of the WDVV
equation (29) was found, and a symplectic representation of this equation
was achieved in [11]. Then A2 was found by inverting a corresponding sym-
plectic form and multiplying it by A1. It is necessary to emphasize that the
coordinates a, b, c (see (30)) are Casimirs for A2, i.e. A2 is in the canonical
form (19) in these coordinates, and the inverse matrix of the leading term
gik is the Monge metric [12]

gij =

−2b a 1
a 1 0
1 0 0

 (37)

At this point we would like to stress that flat coordinates ui of the first
operator A1 make the expression of the second operator A2 much more com-
plicated with respect to the initial coordinates ai, since the latter are Casimirs
of A2. On the other hand, our structure formula (21) connects the operator
A2 with conservation law densities of our system, with the leading coefficient
of the symplectic operator and with a newly introduced skew-symmetric ten-
sor Rmn, and all these quantities are computable in terms of flat coordinates
of the first operator, thus leading to the Lagrangian representation (8). This
means that we have to change coordinates to the operator A2. To this aim
we use the following formula:

Aij2 (u) =
∂ui

∂an
Anm2 (a)

∂uj

∂am
, (38)
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The leading coefficient of A2 is the following contravariant metric gij(u)

gii =
3ui

2
+ uj

2
+ uk

2 − 3uiuj − 3uiuk + ujuk

(ui − uj)2(ui − uk)2

=
(ui − uj)2 + (ui − uk)2 + (uj − uk)2 + 4(ui − uj)(ui − uk)

(ui − uj)2(ui − uk)2
, (39)

gij =
−1

(ui − uj)2
, (40)

where i, j, k are three pairwise distinct indexes. The corresponding covariant
metric is

gii =
−3(uj − uk)2

4
, (41)

gij =
1

4
(−2ui

2 − 2uj
2 − 3uk

2
+ uiuj + 3uiuk + 3ujuk)

= −1

4
((ui − uj)2 + (ui − uk)2 + (uj − uk)2 + (ui − uj)(ui − uk)), (42)

where i, j, k are three pairwise distinct indexes.
The leading term Gij(u) of the symplectic operator is

Gii =
(ui)2 + (uj)2 + (uk)2 − uiuj − uiuk − ujuk

(ui − uj)2(ui − uk)2

=
(ui − uj)2 + (ui − uk)2 + (uj − uk)2

2(ui − uj)2(ui − uk)2
, (43)

Gij =
(ui)2 + (uj)2 − (uk)2 + uiuk + ujuk − 3uiuj

(ui − uj)2(ui − uk)(uj − uk)

=
(ui − uj)2 + (ui − uk)2 + (uj − uk)2 − 4(uk − ui)(uk − uj)

2(ui − uj)2(ui − uk)(uj − uk)
, (44)

where i, j, k are a triplet of distinct indices. Note that

detG = − 16

(u1 − u2)2(u1 − u3)2(u2 − u3)2
, (45)

and from G11 > 0 (outside obvious singularities) it follows that the signature
of the metric is (2, 1). It is also remarkable that the metric Gij has constant
sectional curvature −1/16. The corresponding contravariant metric is

Gii = −1

4
(ui − uj)(ui − uk),

Gij = −1

4
(ui − uj)2.

The expressions of Lijk = Likj are:
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1. when j 6= 1 and k 6= 1 or when j = k = 1

L1jk =
((u1 − u2) + (u1 − u3))(ua − ub)(uc − ud)

2(u1 − u2)3(u1 − u3)3
(46)

where (a, j, b), (c, d, k) are triplets of distinct indices with a < b, c < d;

2. when (1, j, k) are a triplet of distinct indices.

L11k = −(u1 − uk)2 + (u1 − uj)2

2(u1 − uk)2(u1 − uj)3
(47)

3. when i 6= 1 the expressions of Lijk are obtained by a cyclic permutation
of the above expressions.

Remark 9. The conserved quantities Ln = −1
2Lnmpu

m
x u

p
x coincide with the

conserved quantities I1, I2, I3 defined in the paper [11]: Ln = In.

Remark 10. There is a further conservation law density in the form uiLi;
however, this density is trivial as it is in the form of a total divergence.

The integrability condition is fulfilled in our case as Tpmn is a completely
skew-symmetric tensor, and by dimensional reasons. The single equation for
Rmn is(

∂R31

∂u2
+
∂R23

∂u1
+
∂R12

∂u3

)
(u1 − u2)(u1 − u3)(u2 − u3) + 1 = 0.

in the unknown functions R23, R13 = −R31, R12 of the coordinates u1,
u2, u3. This equation can be regarded as an equation of the form dR =
−1/((u1−u2)(u1−u3)(u2−u3))du1 ∧ du2 ∧ du3, where R = R12du

1 ∧ du2 +
R13du

1 ∧ du3 + R23du
2 ∧ du3. One distinguished solution can be obtained

by letting ∂R31/∂u
2 = ∂R23/∂u

1 = ∂R12/∂u
3. In this case we have

R0
ij = −1

3

(
1

(ui − uj)(ui − uk)
− 1

(uj − ui)(uj − uk)

)
(48)

where i, j, k are distinct indices.
It is possible to cross-check the above results by a direct calculation of

the quantity LτA1 aimed at verifying that LτA1 = A2. This has been done
using the correspondence between multivectors and superfunctions in [15, 16]
and the corresponding Schouten bracket formula from [19]. The result was
confirmed after 18 hours of computation with CDE, using 7.7GB of RAM,
on the workstation sophus2 of the Department of Mathematics and Physics
of the Università del Salento.

17



5 Conclusions

A bi-Hamiltonian structure for WDVV equation with different ηαβ in the
case N = 3 also has been considered. For instance, in [17] a different identifi-
cation of the variables t2 and t3 as t and x leads to different WDVV equations
and different bi-Hamiltonian formulations through local Dubrovin–Novikov
operators. Moreover, in [18] another choice of constants in ηαβ was investi-
gated. Its third order operator of [18] lies in a different class with respect
to the third order operator of [11], with respect to the classification in [12].
Since in the above cases different choices of η can be connected by trans-
formations of independent variables to the choice of the WDVV equation
that we considered (29), we expect that the Lagrangian representation can
be effectively achieved by the techniques exposed in this paper.

We stress that Hamiltonian operators for the N = 3 WDVV equa-
tion (29) in the original unknown f have been found in [20]. However,
they are nonlocal and depend explicitly on independent variables and it is
not clear (and a nontrivial problem) how to relate them to the operator in
[11].

When N = 4 in (26) and choosing ηαβ to be the antidiagonal identity
we obtain a system of equations in third-order derivatives of f that can
be rewritten as two commuting hydrodynamic-type systems in 6 unknown
functions. These systems have been recently proved to be bi-Hamiltonian
[26], and a Lagrangian representation have been computed with the above
methods. However, its expression is more complicated and less ‘regular’
than the above expressions for N = 3. For this reason we did not decide
to write down the expressions, even if we will make them available upon
request. Here the dimension of the problem does not automatically imply
the integrability condition dT = 0, and the fact that this condition holds is
remarkable.

We stress that our methods might be carried out for an arbitrary ho-
mogeneous operator A2 with no conceptual differences with the third-order
case.
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