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Abstract

The Oriented Associativity equation plays a fundamental role in
the theory of Integrable Systems. In this paper we prove that the equa-
tion, besides being Hamiltonian with respect to a first-order Hamilto-
nian operator, has a third-order non-local homogeneous Hamiltonian
operator belonging to a class which has been recently studied, thus
providing a highly non-trivial example in that class and showing in-
triguing connections with algebraic geometry.

MSC2010: 37KO05.

1 Introduction

The Associativity equation, or Witten-Dijkgraaf-Verlinde-Verlinde (WDVYV)
equation, plays a fundamental role in the geometric theory of Integrable
Systems. Its solutions define Frobenius manifolds, which correspond to inte-
grable systems; Frobenius manifolds are an important part of the theory of
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quantum cohomology and Gromov-Witten invariants. These relationships
were shown by B. Dubrovin in his seminal paper [3].
The nonlinear partial differential system of equations
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on N unknown functions (¢') of N independent variables (a’) was introduced
in [13] as a generalization of the Associativity equations. Its solutions de-
fine F-manifolds, which are still in correspondence with integrable systems.
The far-reaching implication of this generalization are an active subject of
study: flat and bi-flat F-manifolds have interesting connections with Painlevé
equations [1, 18, 19]; see also the papers [15, 16]) devoted to coisotropic de-
formations. We call the system (1) the Oriented Associativity equation.

The Oriented Associativity equation admits the scalar linear spectral
problem ) )

m
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(see, for instance, [3, 23]) that ensure that the equation is integrable as it
possesses a Lax pair.

We observe that the Associativity equation [3] can be obtained from (1)
by the potential reduction ¢! = n"™m9F/da™, where n** is a constant nonde-
generate symmetric matrix.

In this paper, we will prove the existence of a bi-Hamiltonian formalism
for the Oriented Associativity equation (1) in the case N = 3.

The above result has strong analogies with the known results on the As-
sociativity (WDVV) equation. Indeed, the Associativity equation can be
written as N — 2 commuting hydrodynamic-type systems of conservation
laws [9]. For N = 3 the (only) system was shown to be bi-Hamiltonian
in [8]. Further investigations shown a similar situation in the case N = 4:
the Hamiltonian operators were, in both cases, a first-order homogeneous
operator (found in [9] for N = 4) and a third-order homogeneous operator
(found in [24] for N = 4). First-order homogeneous operators [1] can be
written as A = g¥,, where (¢%) is a constant matrix, in a suitable coordi-
nate system; third-order homogeneous operators [5] have a more complicated
structure, and can be brought to the form
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where u* are dependent variables. Such operators have been extensively

studied quite recently [10, 11].

A first-order homogeneous Hamiltonian operator for the simplest case
(N = 3) of Oriented Associativity equation (written in the form of a hydro-
dynamic-type system) was found [23] with the same method as in the Asso-
ciativity case. It was natural to conjecture that a third-order homogeneous
Hamiltonian operator might exist.

In this paper, we will prove that the Oriented Associativity equation in
hydrodynamic-type form admits a non-local third-order homogeneous Hamil-
tonian operator of a class that was recently introduced by M. Casati, E.V.
Ferapontov and the authors of this paper in [2]. We stress that the proof is
achieved in the simplest case N = 3 only.

The significance of the result is high: indeed, it is known that the Asso-
ciativity equations (in hydrodynamic form) in the cases N = 3 and N = 4
discussed above correspond to linear line congruences, which are algebraic
varieties in the Pliicker variety all lines of a projective space [12]. Their
third-order Hamiltonian operators correspond to quadratic line complexes,
which are algebraic varieties of lines in a projective space of different dimen-
sion with respect to the previous lines [10, 11].

The Oriented Associativity equation (in hydrodynamic form) can also be
interpreted as a line congruence, even if we still do not know if the congruence
is linear. The third-order non-local homogeneous Hamiltonian operator that
we find as the main result in this paper also defines a quadratic line complex.
It is thus clear that the strong links between the Associativity equation and
projective-geometric varieties are preserved for the Oriented Associativity
equation. We believe that such structures play an important role in the rich
geometry of such equations, with lots of interesting Mathematics yet to be
discovered.

The computation related to finding the non-local Hamiltonian operator
is highly non-trivial, and it is made possible by a systematic use of computer
algebra systems, in particular Reduce and its package CDE for computations
with Hamiltonian operators [17, 25].



2 The Oriented Associativity equation

It is shown in [23] that the Oriented Associativity equations can be regarded
as the compatibility conditions of N — 1 commuting flows of type

; act

atk:é?x%, k:2,,N, (4)
under a further condition on the unknowns ci, by analogy with the As-
sociativity equation: we set dc'/0a'da® = §,. This specifies completely
the dependence of ¢* on a': ¢! = (1/2)(a')? + u!, & = a'a® + uF where
u® = u'(a?,...,a") are new unknown functions. The equations (4) can be

rewritten in terms of the new unknowns. In the case N = 3, if we set u! = u,
u? = v, u® = w, the compatibility conditions of the 2 commuting flows in (4)
lead to the system of three quadratic second-order equations
Ugy = Vgt Wag — VggWyt + wit — Wy Wiy,
Ugpt = Vpt Wy — Vgt Wyt (5>
Uy = Uit — VUga Vst + VppWat — Vg Wy,
after renaming a® = x, a® = t. The system (5) is the Oriented Associativity
equation in the simplest case N = 3. It is endowed by the Lax pair
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Yy = A Upz Vg Wog Yy, (6)
(o = Uyt Vgt Wat (o

WY 0 0 1 P

¢1 = A | Uyt Vgt Wyt ¢1 (7>
Py : U Vg Wy Py

Let us introduce a new set of field variables ¢! = uyy, ¢ = Uss, ¢© = Vg, ¢* =
Usty ¢° = Waz, @® = wy. Then, the quadratic system (5) becomes the six
component hydrodynamic type system of conservation laws

P +q'dt — P
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4% = 4, q; = Oy ,
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Q = 4, g = Op———, (8)
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It is possible to prove that the system (8) has three further conservation laws:

(V)2 — ok — ¢!

3tvk = ax q5

, k=1,2,3, (9)

where v’ are the roots of the characteristic polynomial A* — (¢ + ¢%)A\? +
(*¢® — ¢*¢® — ¢" )N + ¢'¢® — ¢*¢® of one of the matrices of the Lax pair (6).
By Viete’s theorem we have ¢ + ¢° = v! + v? + 03, so that only two of the
densities v* are new.

3 First-order Hamiltonian structure

The hydrodynamic-type system (8) admits a first-order homogeneous Hamil-
tonian operator. This class of Hamiltonian operators was first introduced in
[4]. Operators in this class always admit a coordinate system in which they
can be presented as A = h"/9,, where h¥ is a constant matrix. The results in
this sections were found in [23], using techniques that are analogous to those
used in [3].

We can change the coordinates in the above hydrodynamic-type system
to the new coordinates (u*) defined by the Vitte formulae:

u' =o' u? = v?,

u’ =0, ut = ¢, (10)
uw =q u® =2¢° — (v' + 0% +0%).

They are related with (¢*) by the formulae
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Note that the inverse formulae contain cubic roots, and have a much more
complicated expression. In the coordinates (u‘) a Hamiltonian formulation
of the system becomes immediate:
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the Hamiltonian density is H = ¢ and the momentum density is P = ¢! =

Shipu‘u®.

4 Third-order nonlocal operators and
systems of conservation laws

After the results in [23], we might be tempted to conjecture that, by analogy
with the Associativity equation, also the Oriented Associativity equation is
endowed by two local homogeneous Hamiltonian operators, of first order and
third order. Strictly speaking, this is not true. We recall that the conditions
for an operator of the form (3) to be Hamiltonian (provided det(g"”) # 0)
are

9i; = Gji, 13a
1

Cnkm = g(gmn,k - gkn,m)

Gijk + Gjki + Grij =0,

s
Cnml k + CriCsnk = 0.

13b

13c

)
)
)
13d)

(
(
(
(
where (g;;)™" = (¢") and ¢y, = gig9jpch’. By repeating the procedure that

led to the results in [24], we found a candidate (¢*) for a leading term of
a third order homogeneous Hamiltonian operator. However, that candidate
fulfills (13a), (13b) and (13c) but it does not fulfill (13d). After the re-
sults in [2], we conjectured that the third-order homogeneous Hamiltonian
operator B = (B%) might be nonlocal, of the type

B9 =0,0F900,=0,9"0, + c?qf + cawgkq’a‘f@;lwihqg)ﬁx (14)
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and w'’, = w’,(¢’), with ¢* € R. In such an ansatz '/ has the same structure
as Ferapontov—Mokhov nonlocal first-order homogeneous operators [21, 6, 7].
However, the two compositions with 0, change the conditions for the operator
to be Hamiltonian to [2]

Waij + Waji = 0, (15a)
Weig,l — cfjwasl = Oa (15b)
Cnml k + cfnlcsnk + Cawamlwank = 07 (15C>

in addition to (13a), (13b), (13c) (of course, (15¢) is a modification of (13d)),
where w;; = g;swj. We remain with the problem of determining the tensors
wy,;- It is known that in Ferapontov-Mokhov case they are matrices of com-
muting flows with respect to the hydrodynamic-type system of which the
operator is Hamiltonian. In this case, that is false: the condition of compati-
bility between B and the Oriented Associativity equation (8) can be derived
by the condition that the Hamiltonian operator maps conserved quantities

into symmetries. It was shown in [14] that such a condition is equivalent to
finding solutions B to the equation
(p(B(p)) =0, (16)
over the adjoint system (or cotangent covering)
E=0
RN 17

where p is an auxiliary (vector) variable, E* = u! — (V*), = 0 is the initial
equation, with V¥ = V*(u) the vector of fluxes, ¢ is the formal linearization
(Fréchet derivative) of E and ¢3, its adjoint operator.
It is easier to compute the condition (16) in potential coordinates b’, = ¢'.
We have
Bij = _(gz]<b$)az + C?(bw)biz + Cawgk(bw)ba]zx@_lwih(bl")ng) (18>

xT

and E' = bl — Vi(b,). Let us introduce the notation

ovi . oV! .y 099 9]
o = Ve owan kS g ke = g
and similarly for other derivatives. We have
€F(90) = 8tS0i - Vjiaa:SOj> g}(@[’) = =0y, + al’(vkzwz) (19)
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so that the adjoint system is
b = Vi(b,) (20)
Pt = Viipai + Viia (21)

If we assume that w},;(b,)b], are symmetries of the system (20) then we can
prove that they yield conservation laws on the adjoint system whose densities
and fluxes are, respectively:

Tat = Vjiwgékbixpia Taz = wékngpi' (22)
The potential variables r, allow us to represent the operator as

B'(p) = —¢"pjw — 7 bEup; — Pwl b ra. (23)

Lemma 1 The condition {p(B(p)) = 0 is equivalent to the conditions:

— gV + Vigh =0 (24a)
9p Vi — 972V —o Vi + Vg + Vg = (24b)
— MV — dhVE L Vi = 0. (24c)
-9 jvﬁm 5 (Cn];,j‘/lj + CIZVT‘ZL) - Ckh%ﬁm
Ly ij Lo i gn i jh
- 5 (an%v;]ll + Clj V;]Tln) + 5 (V; CJm,l + V; CZ,m) (24d)
1 . A o A
- CQE (th<w;lwlgzm + wfxmwgl) + V}Z(w(]xlwgm + wémwgl)) =0
- wih,kvrﬁ - w(ixm,kvhk - wierZ,h (24e)
- wzykvhk,m + Vk:iwfym,h + Vkiwloih,m =0
Proof. We have:
(r(B(p))' =

— _ Supk o ij. 4 gphpk o idpk o Japk
== 9ibabje — 97 Djar — € pbaibaaDj — € baaiDj — € oot
i( jkih ik ihil 1k ihy k ihyk
+ V; (g,h b:cl‘pkvx + 9" Pkax + Clyc,lbxocbxxph + Cljc bmczph + Clyc ba;xph,m)
a, i h 1k a, i 1k a, i 1k h,,l m
—C wak,hbmtbxmra —C wakbzmtra —C wakbmmv; wambxxph
A .

(P’ 7 h 1k J 7 1k h 1.l
+ ‘/J c (wak,hbrrbxwrf" + wakbzxwra + wakbm:walbm:ph)'



After replacing the derivatives b7, b, and p; ,; using the equations (20) and
(21) we obtain a polynomial in p;, b¥, and higher z-derivatives; its coefficient

shall vanish, they are are the conditions of the statement. m

Remark 2 A direct computation shows that the two flows V' and wkau’;m

commute if and only if the conditions (24e) and (24f) hold true. Moreover,
by arguments that are similar to those of [12, Theorem 1] it can be proved
that (24d) is a consequence of the other equations (24) and (13), (15).

5 Third-order Hamiltonian structure

It is known[10] that g;; shall be polynomials of second degree in the variables
(¢%). Then, equations (24a), (24b), (24c) are easily solved with respect to
(9ij), where V' is the vector of fluxes of the Oriented Associativity equation
(8). We obtain the unique solution:

(gij) =
2 0 q3 7q5
0 0 2q¢° 0
@@ 2¢° —2(q' + ¢*¢®) @ (q® — ¢°)
—q° 0 a®(¢® - %) 2(q%)?
2¢*  —*+2¢5 —®+¢* (P - -t +A3(—®+2¢5) —2¢* ¢ — (¢%)?
0 —q¢° 2¢*¢° (¢ +¢%)
2¢* 0
_q3 + 2q6 _q5
—* +q*(¢®* — %) 2¢*¢° (25)
—q' + (% + 2¢5) — 2¢*¢® — (¢©)? (=% + ¢%)
2(q*)? —¢% + q*(—¢° + ¢%)
-2+ ' (—¢* +¢°) —2¢%¢5

The metric (g;;) turns out to be a Monge metric of a quadratic line complex,
as it solves the equation (13c), but it does not fulfill (13d). Hence, we shall
compute suitable tensors w},;.

A direct computation of wflj as symmetries of (20) is very heavy. Since we
have at our disposal a Lax pair, we can compute a sequence of homogeneous
conserved quantities with a standard technique in the theory of integrable

systems; see [24] for details. Then, we can transform them into symmetries
using the Hamiltonian operator. We rewrite (6) in terms of (¢") and get

(0 0o 1 0 (0

U PN AL I I (26)

ql 3 )
¢ ¢ ¢¢) \w



By eliminating ¢*, 1)? from (26) we obtain the single linear PDE

(= XN + ENq + Nd' P — NP (¢°))+
(= @M + EAP — X' + NP — N (),
+ (=@ =M — A°¢®) gy + ¢y, = 0

The substitution ¢ = exp [ rdz yields a nonlinear ordinary differential equa-
tion on the function r and its first and second order derivatives. This function
r plays the role of a generating function of conservation law densities with
respect to the parameter A for the system (8). The expansion of r at infinity
(i.e. A = o)

hi  hs
=MN_1+ho+—+—+ ...
T 1 + 0 + )\ + )\2 + y

in the above equation leads to a sequence of differential relationships between
the coefficients h_y, hg, hi,... The leading term (the coefficient of A\*) co-
incides with the characteristic equation of the eigenvalues of the matrix in
(26). Thus, starting from h_; = u*, k = 1, 2, 3, the expansion of r with
respect to A has three branches of conservation law densities, that we denote
by hik, © = 0, 1,...Such densities are quasihomogeneous polynomials of de-
grees deg h;, = ¢ + 1 with respect to the grading degu = 0, degd, = 1, and
their coefficients are expressible via rational functions of (u*).

Using Reduce [17] we found all expressions of h;, for £ = 1, 2, 3 and
i = 0: they are of the form hoj, = cp;(u)u’, where

1

ho1 = S_< — 4ut(uP)? + ud ((u®)? — 2ubut + (uh)? — (u?)?
1

+ 2utu® — (u?)?) + 2ulu’ (—u® + ') + 2uiu® (—2u' + u® + u?)

+ 2uiu5(u2 — u3) + 2uiu5(—u2 + u3)> (27)

1
hoa = 5 <4ui(u5)2 + ul (—(u®)? + 2uu? + (u)? — 2u'u?
— (u®)? + (u*)?) + 2uSu® (u® — u?) + 2ulu® (—u + )+

2ulu’ (—ut + 2u? — u?) + 2udu® (u' — u3)) (28)

10



1 .
hos = S_< — 4t (uP)? + ud ((u®)? — 2uSu® — (uh)? + 2ut?
3

— (u?)? + (u?)?) + 2ulu® (—u® + u®) + 2ulu® (ut — uy)
+ 2ulu’ (—u' + u?) + 2w’ (u' + u® — 2u3)> (29)

where S; = 4u’((u')? — u'v? — wlu® + u?u?), Sy = 4u®(u'u? — u'u?® — (u?)? +
u?u?) Sz = 4ud(u'u? — ulu® — w?ud + (u?)?).

We observe that the above conserved densities are not independent. It
holds:

hor 4 hoz + hos = 0. (30)

We get (higher) commuting flows from the above conserved densities by
the formula in potential coordinates

o 1Oho [ Ohe . Ohy o
bl = h““a;lé—bi = h* (— abg + &cab—,f) = w;(bz )b}, (31)

In particular, from the independent densities hg; and hgy we obtain the com-
muting flows wi;(b,)b], and w;(b,)b.,. We observe that they are commut-
ing flows for the system (20) in potential coordinates, and they define higher
commuting flows (w},;u}), for the system (10). So, they fulfill the conditions
(24e) and (24f) as they are invariant conditions. However, we need to check
the Hamiltonian property of the operator B in coordinates (¢*).

In principle, it is possible to invert the coordinate change (11) and express
the commuting flows (w! u?), in coordinates (¢°).

aj Yz

Lemma 3 The change of coordinate formula for the flow (wlaj(u)ug,)x into
the flow (wy;(a)l)s is

oq* ou’
mw?(u) D = wf(CI)-

We remain with the computational problem of expressing () in terms of
(¢%). This would lead to complicated expressions involving roots, so we will
write down the matrix wqy; for the two flows (o = 1, 2) using the coordinates

11



(u') as parameters for (¢F). The two matrices w,y; turn out to be skew-
symmetric, so that the condition (15a) is satisfied. All coefficients w,; have
denominators that contain factors of

A =/|det(gy)] = (u' —u?)(u' —u’)(u® — u’)u’; (32)

if we introduce the notation wax; = Awag;, then the only nonzero compo-
nents of the two matrices Way; (for k < j) are

wllg _ _(u2+u3_u1_2u6)(u2_u3)u5

Wi1g = (v — u®)(u°)?

~ —(u?4u —u! —ub) (u? —u?)ud
Wi25 = B (

Wi = (U2 - Ug)(u5)2
1])134 — <u2 _ uS)(u5)2u1

7(4u4u5+(u6)272u6u1+(u1)2f(u2)2+2u2u37(u3)2)(u6+u17u27u3)(u27u3)

W35 = 8
W = (dutud 4 (ub) 2 —4uSul — (uh)24-2ut w4 2ut ud — (u?) 2 +2u?ud — (u?)?) (u? —ud)ud
145 — 4

U~)146 — <u2 _ US)(U5)2U1

7(4u4u5+(u6)272u6u1+(u1)2f(u2)2+2u2u37(u3)2)(u6+u17u27u3)(u27u3)

W16 = =
and
s (b e —ud) (ul —ud)u
W213 = 5
1l 1 3\ /. 52
Warg = —(u” —u’)(u?)
~ o _( 6—u1+u2—u3)(u1—u3)u5
Wags = 5
1l 1 3\ /0 52
Wage = —(u — u”)(u’)
U = 1 3\/,.5\2,,2
Wazy = —(u' — u?)(u’)*u
e (U () 20007 — (@220 P (12)? — () (O ) ()
235 = 8
Ways = —((@?—u?)?+(u')?—2(u?+ud)u! — (uf —4u?)ul —dutud) (u! —u?)u®
245 = .
Togs = 1 3\ (0 52, 2
Wage = —(u" — u’)(u’)u
figgg = {ututH(u®)?—2utu?— ()P 2ulud + () - () (W —ul 4w (! —u?)
B 8

We end this paper by exhibiting the third-order Hamiltonian operator for
the Oriented Associativity equation in hydrodynamic form.
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Theorem 4 The Oriented Associativity equation in hydrodynamic form (8)
admits the non-local third-order homogeneous Hamuiltonian operator

B9 = 0,(590, + i + Mol u!
+ 02(wikqlg§a;1w%hqg + w;kq];az_lw{hqg) + C3w;kql;a;1w%hqg> 9, (33)

where g¥ is the inverse of the Monge metric (25), czj are defined through g%,
wij and wéj are the matrices of the two commuting flows that we found above
and

=2 =1 =2 (34)

Proof. It is only necessary to check the conditions

Cijit + 9™ CpjkCaut

(35)
crwyjrwig 4 (Wijkwag + wigwajn) + Cwagpway =0,
ou’®
Waigs T g7 CpijWaq = 0, a=1,2 (36)

which yield the Hamiltonian property with the given values of the constants
. m

Remark 5 The operator B can be rewritten as

BY = L7 — 0, (wi,qh) 0, ' 9, (wl,ql)
- 896((“151@ + wék)‘I];)a:;lax((w{h + w%h)QZ)
— Oy (W) 0, 0x (wiyql)  (37)

where LY is a local operator. This shows that B is also a new and highly non-
trivial example in the class of weakly nonlocal operators, introduced in [22].
We stress that the coefficients O, (w',q¥) are higher commuting flows of the
Oriented Associativity equation.

Remark 6 In the Associativity case, i.e. on Frobenius manifolds, it is given
a constant nondegenerate matriz 1,5 and ¢ are the components of the gra-
dient of a potential function F: ¢ = n'mdF/da™. If one is interested in
quasihomogeneous solutions of the Associativity equations then in the generic

13



case 1,5 can be transformed into the antidiagonal identity [5]. Then, the As-
sociativity equation reduces to

fttt = fmzxt - fxttfzzx-

Introducing new variables a = fore, b = frar, ¢ = fzu, the compatibility con-
dition for the Associativity equation becomes the hydrodynamic-type system

a; =by, by=cy = (b2 —ac),.

It is easy to show that there exists a unique Monge metric that fulfills (24a),
(24b) and (24c), namely

a b
1
0

O O =

-2
(gij) = b
1

This defines a local operator (w; = 0), as it fulfills the condition (13d), and
was discovered in [S] by different methods.
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