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1 Introduction

The theory of variational bicomplexes was established at the end of the seventies
by several authors [2, 17, 23, 26, 29, 30, 31, 32]. The idea is that the operations
which take a Lagrangian into its Euler–Lagrange morphism [9, 10, 12, 24] and an
Euler–Lagrange morphism into its Helmholtz’ conditions of local variationality
[2, 1, 3, 7, 11, 18, 13, 27] are morphisms of a (long) exact sheaf sequence. This
viewpoint allows to overcome several problems of Lagrangian formulations in
mechanics and field theories [21, 28]. To avoid technical difficulties variational
bicomplexes were formulated over the space of infinite jets of a fibred manifold.
But in this formalism the information relatively to the order of the jet where
objects are defined is lost.

We refer to the recent formulation of variational bicomplexes on finite order jet
spaces [13]. Here, a finite order variational sequence is obtained by quotienting
the de Rham sequence on a finite order jet space with an intrinsically defined
subsequence, whose choice is inspired by the calculus of variations. It is important
to find an isomorphism of the quotient sequence with a sequence of sheaves of
‘concrete’sections of some vector bundle. This task has already been faced locally
[22, 25] and intrinsically [33] in the case of one independent variable.

1 This paper has been partially supported by INdAM ‘F. Severi’ through a senior research
fellowship, GNFM of CNR, MURST, University of Florence.
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2 Finite order variational bicomplexes

In this paper, we give an intrinsic isomorphism of the variational sequence
(in the general case of n independent variables) with a sequence which is made
by sheaves of forms on a jet space of minimal order. This yields new natural
solutions to problems like the minimal order Lagrangian corresponding to a lo-
cally variational Euler–Lagrange morphism and the search of variationally trivial
Lagrangians. Moreover, we give a new intrinsic formulation of Helmholtz’ local
variationality conditions, proving the existence of a new intrinsic geometric ob-
ject which, for an Euler–Lagrange morphism, plays a role analogous to that of
the momentum of a Lagrangian.

We observe that the finite order variational bicomplexes provide a unique
comprehensive framework (or better, a language) for dealing with Lagrangian
theories. The mathematical (or ‘metaphysical’, see [28]) problems which arise
during the formulation of any Lagrangian theory can be understood and solved
by means of the finite order variational bicomplexes. Moreover, the algebraic
methods used throughout the paper allow a synthetic and clear understanding of
concepts whose meaning could hardly be reached by means of coordinate expres-
sions alone. See [21] for a first application of the first order variational bicomplex
to a relativistic theory of mechanics.

Throughout the paper, we will use as fundamental tools the structure form
on jet spaces [19], and the horizontal and vertical differential [24]. Moreover, we
make use of intrinsic techniques that are developed by means of the language of
[6], and which were first introduced in [12].

Manifolds and maps between manifolds are C∞. All morphisms of fibred
manifolds (and hence bundles) will be morphisms over the identity of the base
manifold, unless otherwise specified. As for sheaves, we will use the definitions
and the main results given in [36]. In particular, we will be concerned only with
sheaves of IR–vector spaces. Thus, by ‘sheaf morphism’ we will mean morphism
of sheaves of IR–vector spaces.

Acknowledgements. I would like to thank I. Kolář, D. Krupka, M. Mod-
ugno, and J. Štefánek for stimulating discussions. Moreover, I would like to thank
the anonymous referee for its helpful suggestions.

Diagrams have been drawn by P. Taylor’s diagrams macro package.

2 Variational bicomplexes on finite order jet

spaces

In this section, we first recall some basic facts on jet spaces [19, 17, 24]. Then,
we recall Krupka’s formulation of the finite order variational bicomplex [13].
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Jet spaces

The main purpose of this section is to introduce jet spaces of a fibred manifold
and study some properties of the sheaf of forms on the r–th order jet space.
Moreover, we recall the horizontal and vertical differential [24].

Our framework is a fibred manifold

π : Y → X ,

with dimX = n and dimY = n+m.
For 0 ≤ r, we are concerned with the r–jet space JrY ; in particular, we set

J0Y ≡ Y . We recall the natural fibrings πrs : JrY → JsY , πr : JrY → X, and,
among these, the affine fibring πrr−1.

Charts on Y adapted to π are denoted by (xλ, yi). Greek indices λ, µ, . . . run
from 1 to n and label base coordinates, Latin indices i, j, . . . run from 1 to m
and label fibre coordinates, unles otherwise specified. We denote by (∂λ, ∂i) and
(dλ, di), respectively, the local bases of vector fields and 1–forms on Y induced
by an adapted chart.

We denote multi–indices of dimension n by underlined latin letters such as
p = (p1, . . . , pn), with 0 ≤ p1, . . . , pn; we identify the index λ with the multi–index

(pµ) = (δλµ). We also set |p| := p1 + · · ·+ pn and p! := p1! . . . pn!.
The charts induced on JrY are denoted by (x0, yip), with 0 ≤ |p| ≤ r; in

particular, we set yi0 ≡ yi. A section s : X → Y can be prolonged to a section
jrs : X → JrY , with coordinate expression (jrs)

i
p = ∂ips

i. The local vector fields

and forms of JrY induced by the fibre coordinates are denoted by (∂
p

i ) and (dip),

respectively. A vertical vector field on Y can be prolonged to a vertical vector
field on JrY (see [19, 24]).

A fundamental role is played in the theory of variational bicomplexes by the
contact maps on jet spaces (see [19]). Namely, for 1 ≤ r, we consider the natural
complementary fibred morphisms over JrY → Jr−1Y

Dr : JrY ×
X
TX → TJr−1Y , ϑr : JrY ×

Jr−1Y
TJr−1Y → V Jr−1Y ,

whose coordinate expression are

Dr = dλ⊗Drλ = dλ⊗(∂λ + yjp+λ∂
p

j ) , ϑr = ϑjp⊗∂
p

j = (djp − yjp+λd
λ)⊗∂

p

j ,

for 0 ≤ |p| ≤ r − 1. We have the splitting [19]

JrY ×
Jr−1Y

T ∗Jr−1Y =

(

JrY ×
Jr−1Y

T ∗X

)

⊕ imϑ∗r .(1)
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We are concerned with some distinguished sheaves of forms on jet spaces. Note
that we will consider sheaves on JrY with respect to the topology generated by
open sets of the kind (πr0)

−1 (U), with U ⊂ Y open in Y . This is due to the
topological triviality of the fibre of JrY → Jr−1Y .

Let 0 ≤ k.

i. For 0 ≤ r, we consider the standard sheaf
k

Λr of k–forms on JrY .

ii. For 0 ≤ s ≤ r, we consider the sheaves
k

H(r,s) and
k

Hr of horizontal forms ,
i.e. of local fibred morphisms over JrY → JsY and JrY → X of the type

α : JrY →
k
∧T ∗JsY and β : JrY →

k
∧T ∗X, respectively. If 0 ≤ q ≤ r,

then pull–back by πrq provides several inclusions; for example, we have
k

Hq ⊂
k

Hr

and
k

Λq ⊂
k

H(r,q). We have the distinguished subsheaf
k

HP
r ⊂

k

Hr of local fibred

morphisms α ∈
k

Hr such that α is a polynomial fibred morphism over Jr−1Y → X

of degree k.

iii. For 0 ≤ s < r, we consider the subsheaf
k

C(r,s) ⊂
k

H(r,s) of contact forms ,

i.e. of sections α ∈
k

H(r,s) with values into
k
∧imϑ∗s+1. Due to the injectivity of

ϑ∗s+1, any section α ∈
k

C(r,s) factorises as α =
k
∧ϑ∗s+1◦ α̃, where α̃ is a section of

JrY ×
JsY

k
∧V ∗JsY → JsY . We have the distinguished subsheaf

k

Cr ⊂
k

C(r+1,r) of

local fibred morphisms α ∈
k

C(r+1,r) such that α̃ projects down on JrY .
The fibred splitting (1) yields the sheaf splitting

k

H(r+1,r) =
k
⊕

l=0

k−l

C (r+1,r) ∧
l

Hr+1 ,(2)

We set H to be the projection of the above splitting on the nontrivial summand
with the greatest value of l. We set also V := Id−H.

Now, we want to find the image of
k

Λr ⊂
k

H(r+1,r) under the projections of the

above splitting. We denote the restrictions of H,V to
k

Λr by h, v.

Proposition 2.1. Let 0 < k ≤ n, and set

k

Hh
r+1 := h(

k

Λr) .

Then, we have the inclusion
k

Hh
r+1 ⊂

k

HP
r+1. More precisely, if α ∈

k

HP
r+1, then
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α ∈
k

Hh
r+1 if and only if there exists β ∈

k

Λr such that (jrs)
∗β = (jr+1s)

∗α for each
section s : X → Y .

Proof. It comes from the identities (jrs)
∗β = (jr+1s)

∗h(β), (jr+1s)
∗v(β) =

0. QED

Note that, if dimX = 1, then we have
1

Hh
r+1 =

1

HP
r+1.

Proposition 2.2. The splitting (2) yields the inclusion

k

Λr ⊂
k
⊕

l=0

k−l

C r ∧
l

Hh
r+1 ,

and the splitting projections (and hence h) restrict to surjective maps.

Proof. The above inclusion can be easily checked in coordinates. Then, a
partition of unity argument shows that the splitting projections are surjective.

QED

We remark that, in general, the above inclusion is a proper inclusion: in

general, a sum of elements of the direct summands is not an element of
k

Λr.

We have two remarkable derivations of degree one (see [24, 6]). Namely, we
define the horizontal and vertical differential to be the sheaf morphisms

dh := [id, d] :
k

Λr →
k

Λr+1 , dv := [iϑ, d] :
k

Λr →
k

Λr+1 ,

It can be proved (see [24]) that dh and dv fulfill the property dh+dv = (πr+1
r )∗◦d.

The action of dh and dv on functions f : JrY → IR and one–forms on JrY
uniquely characterises dh and dv. We have the coordinate expressions

dhf = (∂λf + yip+λ∂
p

i f)d
λ , dhd

λ = 0 , dhϑ
i
p = −ϑ

i
p+λ ∧ d

λ ,

dvf = ∂
p

i fϑ
i
p , dvd

λ = 0 , dvϑ
i
p = 0 .

hence the inclusions

dh

(

k

C(r,r−1) ∧
h

Hr

)

⊂
k

C(r+1,r) ∧
h+1

H r+1 , dv

(

k

C(r,r−1) ∧
h

Hr

)

⊂
k+1

C (r+1,r) ∧
h

Hr+1 .
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Finite order variational bicomplex

Here, we recall the theory of variational bicomplexes on finite order jet spaces, as
was developed by Krupka in [13]. We have a natural exact subsequence of the de
Rham sequence on JrY . This subsequence is not the unique exact and natural
one that we might consider; our choice is inspired by the calculus of variations.
Then we define the (r–th order) variational sequence to be the quotient of the de
Rham sequence on JrY by means of the above exact subsequence.

Let us denote by d kerh the sheaf generated by the presheaf d kerh, by an

abuse of notation. We set
k

Θr := kerh + d kerh; we have the following natural
subsequence of the de Rham sequence on JrY

0 -
1

Θr
d -

2

Θr
d - . . .

d -
I

Θr
d - 0

In general, I depends on the dimension of the fibers of JrY → X [13]. It is

proved in [13] that the contact subsequence is exact, and the sheaves
k

Θr are soft.
If 0 ≤ k ≤ n, then d kerh ⊂ kerh, and

kerh = {α ∈
k

Λr | (jrs)
∗α = 0 for every section s : X → Y } ;

this partly shows the connection of
k

Θr with the calculus of variations [13, 15, 16,
31, 32, 33].

Standard arguments of homological algebra prove that the following diagram
is commutative, and its rows and columns are exact.

0 0 0 0 0 0

0 - 0
?

- 0
?

-
1

Θr

?
d -

2

Θr

?
d- . . .

d -
I

Θr

?
d - 0

?
- . . . - 0

0 - IR
?

-
0

Λr

?
d-

1

Λr

?
d -

2

Λr

?
d- . . .

d -
I

Λr

?
d-

I+1

Λ r

?
d- . . .

d- 0

0 - IR
?

-
0

Λr

?
E0-

1

Λr/
1

Θr

?
E1-

2

Λr/
2

Θr

?
E2- . . .

EI−1-
I

Λr/
I

Θr

?
EI-

I+1

Λ r

?
d- . . .

d- 0

0
?

0
?

0
?

0
?

0
?

0
?
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Definition 2.1. The above diagram is said to be the r–th order variational
bicomplex associated with the fibred manifold Y → X We say the bottom row
of the above diagram to be the r–th order variational sequence associated with
the fibred manifold Y → X [13].

Remark 2.1. Let s ≤ r. Then we have the injective sheaf morphism (see [13])

χrs :

(

k

Λs/
k

Θs

)

→

(

k

Λr/
k

Θr

)

: [α] 7→ [πrs
∗α] .

Hence, there is an inclusion of the s–th order variational bicomplex into the r–th
order variational bicomplex.

Remark 2.2. The main task of the paper is to find suitable sheaves of fibred
morphisms that are naturally isomorphic to the quotient sheaves of the variational
sequence. In particular, we restrict our analysis to the following short variational
sequence

0 - IR -
0

Λr
E0 -

1

Λr/
1

Θr
E1 - . . .

. . .
En-

n+1

Λ r/
n+1

Θ r
En+1- En+1

(

n+1

Λ r/
n+1

Θ r

)

En+2- 0

due to the fact that, to our knowledge, if k ≥ n + 3, there is no interpretation
of the k–th column of the variational bicomplex in terms of geometric objects of
the variational calculus.

We will start the programme of the above remark with the sheaves of degree

k, with 0 ≤ k ≤ n. By recalling proposition 2.1 and the identity
k

Θr = kerh for
0 ≤ k ≤ n we have the following result.

Proposition 2.3. Let 0 ≤ k ≤ n. Then, the sheaf morphism h yields the iso-
morphism

Ik :
k

Λr/
k

Θr →
k

Hh
r+1 : [α] 7→ h(α) .

Definition 2.2. Let us set
k

Vr :=
k

Hh
r+1.

We say a section L ∈
n

Vr to be a r–th order generalised Lagrangian.
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It is worth to point out the inclusions

n

Hr ⊂
n

Vr ⊂
n

Hr+1 .

The sheaf of the r–th order Lagrangians of the standard literature (see, for ex-

ample, [9, 10, 12, 24]) is
n

Hr. So, due to the above inclusion, an r–th order gen-
eralised Lagrangian can be regarded as a special kind of r+ 1–th order standard
Lagrangian.

3 Euler–Lagrange morphism

In this section we show that the quotient sheaf
n+1

Λ r/
n+1

Θ r of the variational se-
quence is isomorphic to a certain subsheaf of the sheaf of sections of a vector
bundle, namely a sheaf of Euler–Lagrange morphism of special type. By means
of this isomorphism, we find that the sheaf morphism En coincides with the stan-
dard Euler–Lagrange operator.

It is possible to introduce a first simplification of the quotient sheaves. Next

proposition provides a new quotient sheaf which is isomorphic to
k

Λr/
k

Θr but is
made with ‘smaller’ sheaves.

Proposition 3.1. Let k > n. Then, the projection h induces the natural sheaf
isomorphism

(

k

Λr/
k

Θr

)

→

(

k−n

C r ∧
n

Hh
r+1

)

/

h(d kerh) : [α] 7→ [h(α)] ,

where h(d kerh) = h(
k

Θr).

Note that the sheaf injection χrs can be read through the above isomorphism.
Moreover, we have the inclusions

h(d kerh) ⊂ dh(
k−n

C r ∧
n−1

H h
r+1) ⊂ h(

k

Θr+1) = h(d kerh) .(3)

In order to find an isomorphism of (
k−n

C r ∧
n

Hh
r+1) /h(d kerh) with a sheaf of

forms on a jet bundle we use a result by Kolář [12]. To proceed further, we need
some notation. On any coordinate open subset U ⊂ Y we set

ω :=
n
∑

λ1,...,λn=1

dλ1 ∧ . . . ∧ dλn = n!d1 ∧ . . . ∧ dn , ωλ := i∂λω .
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If f ∈ (
0

Λr)U , then we set by induction

Jλf := (dr+1)λf , Jp+λf := JλJpf ;

analogously, we denote by LJp the iterated Lie derivative. We have Jpf◦jr+|p|s =

∂p(f ◦jrs). A Leibnitz’ rule holds for Jp (see [24]); if g ∈

(

0

Λr

)

U

, then we have

Jp(fg) =
∑

q+t=p

p!

q!t!
Jqf Jtg .

If a vertical vector field u : Y → V Y has the expression u = ui∂i, then the
prolongation ur : JrY → V JrY has the expression ur = Jpu

i∂
p

i .

Theorem 3.1. (First variation formula for higher order variational calculus [12])

Let α ∈
1

Cr ∧
n

Hh
r+1. Then there is a unique pair of sheaf morphisms

Eα ∈
1

C(2r,0) ∧
n

Hh
2r+1 , Fα ∈

1

C(2r,r) ∧
n

Hh
2r+1 ,

such that
i. (π2r+1

r+1 )∗α = Eα − Fα;

ii. Fα is locally of the form Fα = dhpα, with pα ∈
1

C(2r−1,r−1) ∧
n

H2r.

The uniqueness of the decomposition in the above theorem implies that both
Eα and Fα are intrinsic geometric objects. In general, it is possible to determine
a global pα fulfilling the above conditions, but there is not a uniquely determined
(hence intrinsic pα unless dimX = 1 or r = 1, 2 (see [12]).

In coordinates, if α = α
p

i ϑ
i
p ∧ ω, then we have the well–known expression

Eα = (−1)|p|Jpα
p

i ϑ
i ∧ ω , 0 ≤ |p| ≤ r .(4)

Proposition 3.2. We have the injective sheaf morphism

In+1 :

(

1

Cr ∧
n

Hh
r+1

)

/

h(d kerh)→
n+1

Λ 2r+1 : [α] 7→ α + dhpα .

Proof. We make use of the injective morphism χsr of remark 2.1, and the

inclusions (3). The morphism In+1 is well–defined. In fact, if α, β ∈
1

Cr ∧
n

Hh
r+1

such that β = α + dhq, then

β + dhpβ = α + dhq + dhpα + dhpdhq ,
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where dhpdhq = −dhq, due to the uniqueness.
We have to prove that the morphism is injective. Suppose that β + dhpβ

= α + dhpα. Then

β − α = h(dh(pα − pβ) + dv(pα − pβ)) = h(d(pα − pβ)) ,

and h(pα − pβ) = 0 yields the result. QED

The final step is to characterise the image of In+1.

Theorem 3.2. We have the sheaf isomorphism

In+1 :
n+1

Λ r/
n+1

Θ r →
n+1

V r,

where
n+1

V r is the sheaf generated by the presheaf
(

1

Cr ∧
n

Hh
r+1 + dh(

1

C(2r,r−1) ∧
n−1

H 2r)

)

∩

(

1

C(2r+1,0) ∧
n

H2r+1

)

.

Proof. It comes from the isomorphism of proposition 3.1, the injective mor-
phism In+1 and the characterisation of the image of In+1 provided by theorem
3.1. QED

Remark 3.1. The sheaf
n+1

V r is a sheaf of IR–vector spaces, but it does not have
the structure of a module over the ring C∞(J2r+1Y ); hence, it cannot be the sheaf
of sections of some vector bundle over J2r+1Y [36].

Now, we can evaluate En by means of the isomorphisms In, In+1.

Theorem 3.3. Let α ∈
n

Vr. Then, En(α) ∈
n+1

V r coincides with the standard
higher order Euler–Lagrange morphism [9, 10, 12, 24] associated with the gener-
alised r–th order Lagrangian α, regarded as a standard (r+1)–th order Lagrangian.

Proof. In fact, Theorem 3.1 yields the standard higher order Euler–Lagrange

morphism. Moreover, we have the inclusions
n

Vr ⊂
n

Hr+1 ⊂
n

Vr+1. The result now
is immediate, due to the commutativity of the inclusion of the bicomplex of order
r into the bicomplex of order r + 1 (Remark 2.1). QED

Definition 3.1. Let α ∈
n+1

Λ r.

We say Eh(α) ∈
n+1

V r to be the generalised r–th order Euler–Lagrange morphism
associated with α.

We say ph(α) to be a generalised r–th order momentum associated with α.
We say En to be the generalised r–th order Euler–Lagrange operator.
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Remark 3.2. It is worth to point out the inclusions

1

Cr ∧
n

Hr ⊂
n+1

V r ⊂
1

C2r+1 ∧
n

H2r+1 .

The sheaf of the r–th order Euler–Lagrange morphisms of the standard literature

(see, for example, [9, 10, 12, 24]) is
1

Cr ∧
n

Hr. So, due to the above inclusion, an
r–th order generalised Euler–Lagrange morphism can be regarded as a special
kind of 2r + 1–th order standard Euler–Lagrange morphism.

Remark 3.3. It is interesting to note that, by using a non–horizontal Lagrangian
in the geometric formulation of the action (see [5, 6, 7, 9, 20]), some theories which
are based upon polynomial (r + 1)–th order horizontal Lagrangians can be seen
also as r–th order theories.

4 Helmholtz morphism

It is known [5, 13] that there exists a locally defined geometric object, namely the
Helmholtz morphism, whose vanishing is equivalent to the local conditions of local
variationality [2, 1, 3, 11, 18, 13, 27]. We show that the Helmholtz morphism is
intrinsically characterised by means of the Euler–Lagrange morphism. As a by–
product, we obtain a new intrinsic geometrical object which plays a role analogous
to the role of the momentum of a Lagrangian.

More precisely, we find an isomorphism of the sheaf

En+1(
n+1

V r) ' En+1(
n+1

Λ r/
n+1

Θ r) = d
n+1

Λ r/d
n+1

Θ r .

with a subsheaf of a sheaf of sections of a vector bundle. Hence, we will be able to
provide an explicit expression for the map En+1. We reduce our search by using
the results of the above section.

Lemma 4.1. We have the natural injection

d
n+1

Λ r/d
n+1

Θ r →

(

2

C2r+1 ∧
n

Hh
2r+2

)

/

h(d kerh) : [dα] 7→ [dEh(α)] .

Proof. It is a direct consequence of ddh = −dhdv and

α = Eh(α) − dhph(α) + v(α) . QED
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Lemma 4.2. Let β ∈
1

Cs ∧
1

C(s,0) ∧
n

Hs. Then, there is a unique

H̃β ∈
1

C(2s,s) ⊗
1

C(2s,0) ∧
n

H2s

such that, for all u : Y → V Y ,

Eβ̂ = C1
1

(

u2s⊗H̃β

)

,

where β̂ := iusβ, and C
1
1 stands for tensor contraction.

Proof. Let U ⊂ Y be an open coordinate subset, and suppose that we have
the expression on U

β = β
p

i jϑ
i
p ∧ ϑ

j ∧ ω , 0 ≤ |p| ≤ s .

Then we have the coordinate expression

Eβ̂ = Jpu
i



β
p

i j −

s−|p|
∑

|q|=0

(−1)|p+q|
(p+ q)!

p!q!
Jqβ

p+q

j i



ϑj ∧ ω .

Let us set

H̃β[U ] :=



β
p

i j −

s−|p|
∑

|q|=0

(−1)|p+q|
(p+ q)!

p!q!
Jqβ

p+q

j i



ϑip⊗ϑ
j ∧ ω .

Then, by the arbitrariness of u, H̃β[U ] is the unique morphism fulfilling the
conditions of the statement on U .

If V ⊂ Y is another open coordinate subset and U ∩ V 6= ∅, then, by
uniqueness, we have H̃β[U ]|U∩V = H̃β[V ]|U∩V . Hence, we obtain the result by
setting H̃β|U := H̃β[U ] on any coordinate open subset U ⊂ Y . QED

Theorem 4.1. (Generalised second variation formula).

Let β ∈
1

Cs ∧
1

C(s,0) ∧
n

Hs. Then, there is a unique pair of sheaf morphisms

Hβ ∈
1

C(2s,s) ∧
1

C(2s,0) ∧
n

H2s , Gβ ∈
2

C(2s,s) ∧
n

H2s ,

such that
i. π2s

s

∗
β = Hβ −Gβ

ii. Hβ = 1/2A(H̃β), where A is the antisymmetrisation map.

Moreover, Gβ is locally of the type Gβ = dhqβ, where qβ ∈
2

C2s−1 ∧
n−1

H 2s−1,
hence [β] = [Hβ].
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Proof. It is clear that Gβ is uniquely determined by β and the choice Hβ =
1/2A(H̃β).

Moreover, it can be easily seen [24] by induction on |p| that, on a coordinate
open subset U ⊂ Y , we have

β = β
p

i jϑ
i
p ∧ ϑ

j ∧ ω = β
p

i jLp(ϑ
i) ∧ ϑj ∧ ω = (−1)|p|ϑi ∧ Lp(β

p

i jϑ
j) ∧ ω + 2dhqβ ,

which yields the thesis by the Leibnitz’ rule, the injective morphism χsr of remark
2.1, and the inclusions (3) (a similar result can be found in [5, 13]). QED

Remark 4.1. In general, the section qβ is not uniquely characterised. But, if
dimX = 1, then there exists a unique qβ fulfilling the conditions of the statement
of the above theorem.

Corollary 4.1. The sheaf En+1

(

n+1

V r

)

is isomorphic to the image of the injective

morphism

In+2 : d
n+1

Λ r/d
n+1

Θ r →
1

C4r+1 ∧
1

C(4r+1,0) ∧
n

H4r+1 : [dα] 7→ HdEh(α)
.

Proof. In+2 is well defined due to the uniqueness of the decomposition of the
generalised second variation formula. Moreover, being Eh(α) affine with respect
to the highest order derivatives, In+2 is valued into

1

C4r+1 ∧
1

C(4r+1,0) ∧
n

H4r+1 ⊂
1

C4r+2 ∧
1

C(4r+2,0) ∧
n

H4r+2

The injectivity of In+2 follows from the above theorem, because if dEh(α) and
dEh(β) fulfill HdEh(α)

= HdEh(β)
, then we have (locally)

dEh(α) − dEh(β) = dh(qh(α) − qh(β)) . QED

Corollary 4.2. The sheaf morphism En+1 can be expressed via In+1 and In+2 by

En+1 :
n+1

V r →
1

C4r+1 ∧
1

C(4r+1,0) ∧
n

H4r+1 : E 7→ HdE .

Moreover, if the coordinate expression of E is E = Ejϑ
j ∧ ω, then the coordi-

nate expression of En+1(E) is

En+1(E) =
1

2



∂
p

iEj −

2r+1−|p|
∑

|q|=0

(−1)|p+q|
(p+ q)!

p!q!
Jq∂

p+q

j Ei



ϑip ∧ ϑ
j ∧ ω .
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Definition 4.1. Let α ∈
n+1

Λ r.

We say HdEh(α)
to be the generalised r–th order Helmholtz morphism.

We say qdEh(α)
to be a generalised r–th order momentum associated to the

Helmholtz morphism.

We say En+1 to be the generalised r–th order Helmholtz operator.

5 Inverse problems

In this section, we show that the results of the above sections toghether with
the exactness of the variational sequence yield the solution for two important
inverse problems: the minimal order variationally trivial Lagrangians and the
minimal order Lagrangian corresponding to a locally variational Euler–Lagrange
morphism.

We can summarise the results of the above sections in the following theorem.

Theorem 5.1. The r–th order short variational sequence is isomorphic to the
exact sequence

0 - IR -
0

Λr

E0 -
1

Vr
E1 - . . .

. . .
En−1-

n

Vr
En -

n+1

V r

En+1- En+1

(

n+1

V r

)

En+2- 0,

We have two main consequences of the exactness of the above sequence.

Corollary 5.1. Let L ∈ (
n

Vr)Y such that En(L) = 0. Then, for any y ∈ Y there

exist an open neighbourhood U ⊂ Y of y and a section T ∈ (
n−1

V r)U such that
En−1(T ) = L. If Hn

de RhamY = 0, then we can choose U = Y .

Proof. The first statement comes from the definition of exactness for a sheaf
sequence. The second statement comes from the abstract de Rham theorem; in
fact, the (long) variational sequence is a (soft) resolution of the constant sheaf IR
(see [13, 36]). QED

Definition 5.1. Let L ∈ (
n

Vr)Y such that En(L) = 0. We say L to be a varia-
tionally trivial r–th order (generalised) Lagrangian.
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Remark 5.1. If L ∈
n

Vr is variationaly trivial, then L is (locally) of the form

L = En−1(h(α)) = dhα, with α ∈
n−1

Λ r.

We stress that a similar result is obtained in [14], but with a computational
proof.

As for (
n+1

V r)Y , we have a result which is analogous to the above corollary,
and justifies the following definition.

Definition 5.2. Let E ∈ (
n+1

V r)Y . If En+1(E) = 0, then we say E to be a locally
variational (generalised) r–th order Euler–Lagrange morphism.

So, to any locally variational Euler–Lagrange morphism there exists a local
Lagrangian whose associated Euler–Lagrange morphism (locally) coincides with
the given one. This is a well–known fact in the theory of infinite order Lagrangian
bicomplexes, but the novelty provided by our approach is the minimality of the
order of the local Lagrangian. In fact, we have the following obvious proposition.

Proposition 5.1. Let E ∈ (
n+1

V r)Y such that E 6∈ (
n+1

V r−1)Y . Let E be locally

variational. Then, for any (local) Lagrangian L ∈
n

Vr of E, we have L 6∈
n

Vr−1.

Remark 5.2. In the literature there are similar results [2, 1, 4], but proofs are
done by computations. The finite order variational sequence provides a structural
answer to the minimal order Lagrangian problem.

Remark 5.3. We stress that a minimal order Lagrangian L ∈
n

Vr for a locally

variational Euler–Lagrange morphism E ∈
n+1

V r can be explicitely computed.

Namely, we pick an α ∈
n+2

Λ r corresponding to the Euler–Lagrange morphism
(i.e. , In+1(h(α)) = E), and apply the contact homotopy operator (which is just

the restriction of the Poincaré’s homotopy operator to
n+2

Θ r) to the closed form

dα ∈
n+2

Θ r, finding β ∈
n+1

Θ r such that dβ = dα. By using once again using the

(standard) homotopy operator we find γ ∈
n

Λr such that dγ = β−α : L := In(γ)
is the minimal order Lagrangian.

We recall that the well–known Volterra–Vainberg method for finding a La-
grangian for E yields a (2r + 1)–th order Lagrangian.
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